J. Math. Biol. 47, 153-168 (2003) 1 1
Digital Object Identifier (DOI): Mathematlcal BlOIOgy

10.1007/s00285-003-0207-9

Azmy S. Ackleh - Linda J.S. Allen

Competitive exclusion and coexistence for pathogens in
an epidemic model with variable population size

Received: 10 December 2001 / Revised version: 19 February 2003 /
Published online: 15 May 2003 — (© Springer-Verlag 2003

Abstract. We study an SIR epidemic model with a variable host population size. We prove
that if the model parameters satisfy certain inequalities then competition between n patho-
gens for a single host leads to exclusion of all pathogens except the one with the largest
basic reproduction number. It is shown that a knowledge of the basic reproduction numbers
is necessary but not sufficient for determining competitive exclusion. Numerical results il-
lustrate that these inequalities are sufficient but not necessary for competitive exclusion to
occur. In addition, an example is given which shows that if such inequalities are not satisfied
then coexistence may occur.

1. Introduction

A very important principle in theoretical biology is that of competitive exclusion:
no two species can indefinitely occupy the same ecological niche. Discussions on
the meaning of competitive exclusion and ecological niche have been central to
ecology [19,21,25].

The validity of such a principle has been proved for many population models.
For example, in [3,26,33] the authors study a competitive Lotka-Volterra system
of equations and exhibit a simple algebraic criteria on the parameters which guar-
antee that all but one of the species are driven to extinction. These results have been
extended in [1] to a generalized logistic model. Using the theory of weak conver-
gence of probability measures the authors show that such a principle is valid for the
model they investigated. In [2], a predator—prey Lotka-Volterra model composed
of many predator—prey subpopulations was studied. Therein, it was shown that all
subpopulations die out except for the predator—prey pair that optimizes the growth
to mortality ratio. In [31], competitive exclusion is proved for a discrete-time, size-
structured, nonlinear matrix model of m competing species in a chemostat. The
winner is the population which is able to grow at the lowest nutrient concentration.

Recently, attention has focused on understanding the mechanisms that lead to
coexistence, competitive exclusion and coevolution of pathogen strains in infectious
diseases. This is especially important for the development of disease management
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strategies. In [6], Anderson and May state that transmission rate and virulence are
not independent and that evolution does not necessarily lead to reduced virulence.
Levin and Pimentel [20] model two pathogen strains; they show that an excessively
virulent pathogen strain can prevail if it can invade a host that harbors the less viru-
lent strain, but not vice versa; such behavior is referred to as superinfection. In [11],
Bremermann and Thieme consider an n-pathogen, single host model. They show
that pathogen strains with differing levels of virulence die out asymptotically except
for those that optimize the basic reproduction number. From these three classical
papers, there followed numerous other papers examining the relationships between
evolution and virulence or coexistence and competitive exclusion (e.g., [7, 14—18,
22-24,27,28,32]). For example, models with coinfection, where the host harbors
multiple infections at one time (e.g., [23,24,32]) and models with superinfection,
where less virulent strains are replaced by more virulent strains (e.g., [16,17,22,
27]), have demonstrated a variety of coexistence and virulence evolution results.
In addition, strong density regulation has been shown to result in coexistence of
more than one strain [7, 16]. This is due to the different ways in which host density
affects the transmission rate and transmission period [7].

The goal of this paper is to study competitive exclusion in an n-pathogen, single
host model, where each pathogen may invade the host population. We do not con-
sider coinfection nor superinfection, only density-dependent host regulation. Our
model is a generalization of the two-pathogen model studied by Andreasen and
Pugliese [7]. It is shown in our model that a knowledge of the basic reproduction
numbers is necessary but not sufficient to determine competitive exclusion. The
basic reproduction numbers are important in determining successful invasion of a
pathogen but are not sufficient to determine extinction of particular strains.

This paper is organized as follows. In Section 2 we describe the model while in
Section 3 we prove the competitive exclusion principle. Section 4 is devoted to a
numerical example which illustrates that the conditions of Section 3 imposed on the
model parameters are sufficient but not necessary for competitive exclusion. While
in Section 5 we discuss an example in which survival of strains which do not op-
timize the reproduction number is possible. In the Appendix, we give a dynamical
systems proof for the persistence of the dominant strain.

2. The model

We describe an SIR epidemic model which is based on a modification of the models
by Anderson and May [5] and Bremermann and Thieme [11]. In the Anderson and
May model exponential growth of the host population is allowed. This is in general
not very realistic for a long period of time. In the Bremermann and Thieme model
they guarantee limited host populations by assuming that the birth rate is a strictly
decreasing function of the total population size. Here we assume that there is a
density-dependent death rate, b — f(N), a constant birth rate, b, and a logistic-type
population growth rate. When the disease is not present the dynamics of the host
population are described by the following differential equation:

N(t) = Nf(N),
where N(1) = dN /dt. We assume that f(N) satisfies the following conditions:
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(Al) f e C'0, c0).

(A2) 0 < f(0) < b.

(A3) f(N) is decreasing for N > 0.

(A4) There exists a constant K > 0 such that f(K) = 0.

For example, the following logistic growth rate function satisfies the above con-
ditions: f(N) = r(1 — N/K), where 0 < r < b. Similar assumptions have been
made in other epidemic models (see e.g., [4,7,9,34]).

The model we study is of SIR type, in that the host population consists of sus-
ceptibles, S, individuals infected with strains 1 throughn, I;, j = 1,2,... ,n,and
immune or removed individuals, R. In addition, it is assumed that there is mass
action horizontal transmission. The model has the form:

Sey=S|fN) =Y Bl |+ bjl;+bR

j=1 j=1

Li)=1;(f(N)—b;+B;S—y;—nj), j=12,....n,

) (1)
R®) =R(F(N) =)+ Y vl

j=1

n
N=S+R+)> I,
j=1
In model (1), b is the birth rate, f (V) is the per capita growth rate, and b — f(N)
is the natural death rate. Infected individuals may transmit the disease to their
offspring—vertical transmission. Hence, the birth rate of the jth infected class is
divided into two parts: b;, denoting those born susceptible, and b — b; > 0, de-
noting those born infected. The parameter 8; denotes the transmission rate for the
Jjth strain, while y; is the recovery rate from infection with strain j. Finally, u ;
represents the disease-related death rate for strain j. All of the parameters, b, b;,
wj,Bj,andy;, j =1,2,...,n,are assumed to be positive. Models of the type (1)
with total cross immunity and no superinfection have been applied to some sexually
transmitted diseases (e.g., [14]).

Model (1) differs from the model of Bremermann and Thieme [11]. In [11],
they assume a density-dependent birth rate g(N) instead of a density-dependent
death rate. In addition, no density-dependent birth or death rates are assumed in
the infected and removed classes and the change in the susceptible subpopulation
satisfies

n
$(t) = Ng(N) —dS =Sy 1},
j=1
where d is the natural death rate. The example discussed in Section 5 shows that
our model exhibits different behavior than their model. In particular, coexistence
occurs when there is strong density regulation affecting the death rate.
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In the presence of the disease, the population size N in our model is described
by the following differential equation:

n
N@) =NfN) = wjlj. )
j=1
We assume that S(0) > 0, [;(0) > 0, j = 1,2,...,n,and R(0) > 0. Clearly,
solutions to (1) exist and are positive for ¢ > 0. Furthermore, one can easily deduce
that solutions are bounded. In fact,

N(t) < Nf(N),

and since the solution y(#) to the differential equation y(t) = yf(y) with y(0) =
N(0) satisfieslim;, », y(¢) = K,itfollows by comparison thatlim sup,_, ., N(¢) <
K.

The competitive exclusion principle is verified in the next section for the basic
model (1).

3. Competitive exclusion

Letcj = bj +y; +u; > f(0). Then the basic reproduction number for strain j
is given by

'ROJZ&K, j=12,...,n.
Cj
We define K
Bo,;j = ﬂ]— j=12,...,n,
cj— f(Q0)

and assume that for each j = 2, ..., n, one of the following conditions holds:

Ro,1 > Ro,j and c¢; > c1, 3)
or

B(),l > B(),j and ,31 > ﬁj. (4)

The following stronger conditions imply (3) or (4):
Ro,1 > Ro,j and Bo;1 > By, ;.

The conditions in (3) are satisfied for all j = 2, ..., n, for example, if strain 1 has
the largest basic reproduction number R, and the smallest disease-related death
rate, recovery rate, and birth rate. The ratio By, ; can be thought of as a reproduction
number also. When b; = b and f(0) = r = b — d, where r is the intrinsic growth
rate and d is the density-independent death rate,

BiK

By, = ——"—"—.
0.7 d+yj+u;
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In addition, if the total population size is constant, b = d, then By, ; = Ry, ;. The
conditions in (4) are satisfied for all j = 2, ..., n, for example, if strain 1 has the
largest reproduction number By 1 and the largest transmission rate.

We remark that Bremermann and Thieme [11] only assumed that Ro 1 > Ro,;
to prove the competitive exclusion principle. The example given in Section 5 shows
that this condition alone is not sufficient for competitive exclusion to occur in our
model. Our first result in this section is to show that the number of susceptibles,
S(t), is bounded below by a positive constant.

Lemma 1. There exists a constant S > 0 such that S(t) > S fort € [0, 00).

Proof. First note that if N(¢) > K for all #+ > 0 then we have that lim;_, o, N () =
K . In this case one can easily show that S(#) — K ast — oo and hence the result
follows. To this end, we assume for the rest of the proof that there exists a typ > 0
such that N(#p) < K. Then it is clear that N(t) < K for all ¢t > ty3. Now, suppose
there does not exist such a constant S. Then there exist monotone sequences of
numbers {¢;}72, and {£;}72, satisfying limi» o€ =0, > t0,i =1,2,...,and
lim; _, 5o t; = 00 such that S(¢;) = ¢; > 0 and S(t,) <0.
Hence for sufficiently large #; we have

0> S(t) = SE) FINW) + Y _1j(t)lbj — Bl + bR()

j=1

> Y 1jt)bj — €Bjl > 0,

a contradiction. This establishes the result. |
Next we show that all the strains, except possibly one, die out.

Theorem 2. Assume that for each j =2, ..., n, either (3) or (4) holds. Then, for
J=2,3,...,nlim . 1;(t) = 0.

Proof. We divide the proof into two cases. First assume that the conditions in (3)
1
‘/

hold for a fixed j € {2, ..., n} and define I'; () = -.—. Using the assumptions on

Ll

o~

f, the previous Lemma, and the fact that lim sup,_>Oo N(t) < K we can choose 1
large enough such that f(N(t))(Cij -1 ) <3 (’3] — ﬁ’) S for all ¢+ > ¢. Hence,
foranyr >t
1 1 1 €1
A G D +B;S —eplt = S LT (FN) + piS — el
—T @) =

dt =
Il

1 1
= ;Fl(t)(f(N) +B;S—cj)— al"l(t)(f(N) +B1S —c1)
j



158 A.S. Ackleh, L.J.S. Allen

. ()<f(N) f(N)+<ﬁ_@>S>

Cj C1 Cj C1
< 1" (t)<‘3_1_&>§
Cj C1

Expressed in terms of logarithms,

dinTy(0) _ ﬁ Br)
di =

\S) |

C1

This latter inequality implies that

z(?‘%‘)ﬁ
() <T(0)e" \7
Thus,
; (-4)s
1 () < 1‘l (OT1(0)e \ T

Since I is bounded, S > 0, and (ﬂ’ ﬂ) < 0 we have lim; , o, 1 (¢) = 0.

C1

~
\—I i

Now suppose that for the same j condition (4) holds and define I'(¢) =

o~
=

Using assumption (A3) we see that for all > 0

d JIN)  f(N) <61 Cj))
—rI =1 EARES - _ 4
7120 =T20) ( 5 5 + BB

< 1) (f(O) (— - i) + (C—l - C—’))
- ,Bj B1 B1 ﬁ]
cL = £ (0) c,»—f<0>)
=TI — .
2(”< B B

Hence, using (4) and arguing as before we get lim;_, o 1;(¢) = 0.
Since j was arbitrary, we have lim; .o I;j(t) =0for j =2,... ,n. O

We have so far proved that under the conditions (3) or (4) the pathogen strains
with suboptimal reproduction numbers Ro,; or Bo,j, j =2, 3, ..., n, die out, but
we did not show whether the disease persists. This will depend on the reproduction
number RRo,1. The next result proves that if Ro,; > 1, then the disease persists.

Theorem 3. Assume that for each j = 2, ..., n, either (3) or (4) holds and Ro,1 >
1, then liminf,_, o I1(t) > 0.

Proof. Assume that I1(t) — 0 ast — oo. Since N(¢) > S(¢t) = S > 0 then it
follows from Theorem 2 that for j = 1,2,...,n, 5{,—8 — 0 ast — oo. Hence,
we have Z] L zlv(g — 0 as t — oo. From this one can verify that N(t) - K

as t — oo. This implies that f (N (¢)) — 0 and hence R(t) — 0 ast — oo. Thus
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S(t) - K ast — oo.From the /1 equationin (1) we see that 2‘—8; — B1K—c1 >0
which says that /| grows exponentially as t+ — oo. This contradiction implies that

lim sup /;(¢t) > € > 0.
11— 00

Now assume that lim inf,_, o /1 (#) = 0. Then for any 0 < € < € there exists two
sequences t,, s, — coasm — oosuchthatt) <51 <fp <s3 < -+ <ty <
Sm < --- and

€ €
Litw) =€, LGp)=—, —=<L(t)<e t;, <t =<sp.
m m

From the 77 equation in (1) we get that there exists a positive constant A such that

Integrating from ¢, to s,, we obtain
1
In— > —A(sy — tw).
m

Letting m — oo we obtain that s,, — t,, — oco. Let t,, = s, — f,,. Then clearly
Ty —> OQ.

For any 0 < § < K we can choose € > 0 small enough such that the following
three inequalities hold for ¢, <t < t,, + 1), and m sufficiently large:

n

I.
f(K—«S)—Zu;%w, )
j=1
S(f(K —8) —b)+ > yil;(t) <0, ©)
j=1
D 1w <. ™)
j=1

These inequalities are a consequence of the choice of ¢ and 0 < f(K — §) < b,
where on the subintervals, [#,, #;, + 7)), the summations with 7 () are sufficiently
small. Since, lim sup,_, ., N(t) < K, then for any sufficiently large m we have that

N@#) <K+68, ty=<t=<ty+tn.
Furthermore, using (2) and (5) we see that there exists a T such that
Nit)>K =6, ty+7T=<t=<ty+1 ®)
From the R equation in (1) and (6), we obtain

R(t) <48, tm+T=t=ty+1Tn, )
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provided we choose t(> 7) large enough. Hence, it follows from (7)—(9) that

n
S(t)=N(t)—R(t)—le(t)zK—38, Im+ T <1 <ty + Tn.
j=1

Now, choose 0 < § < K small enough such that
f(K+68)+p1(K—38)—cr=n=>0. (10)

Note that the expression on the left-hand side of (10) is positive because it can be
made sufficiently close to 81 K — ¢1 > 0. Then from the I; equation in (1) we get
€ > Iy(ty + Ty) = Iy (tyy)edm | SIFBIS=eDdt  [LIT (f(N)+p1S—ed

> [ (ty)e S KD —eDT on(tn—1)

A contradiction, since t,;, — 00. O
The next result shows that if foreach j = 2, ..., n, either (3) or (4) are satisfied

but Rp 1 < 1, then solutions approach the disease-free equilibrium.

Theorem 4. Assume that for each j =2, ..., n, either (3) or (4) holds and Ry,1 <

1, then

Jim (S(0). Y 1), R(1) = (K, 0,0).
j=I1

Proof. Define u = I1/N. Then

n
i=u|piS—ci+pmuty ujij|. (1
j=2
where i; = Ij/N, j = 2,...,n. Note that since S(t) > S, then there exists a
§ > 0suchthat 0 < u(t) <1-—26.
If the inequality
BiK—ci+ur <0 (12)

is satisfied, choose a positive constant €; sufficiently small such that
ar=p1(K+e€1)—c1+ur+e€ <0.

For such a choice of €] choose T7 large enough such that for ¢t > T,
n
N@O <K+e, ) uij0) <er. (13)
j=2

From (11) and (13) it follows that # < aju for t > T;. Hence, lim;_, oc u(z) = 0.
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Suppose (12) does not hold; that is,
B1K —c1+p1 = 0.

Let

ci—Bi(K+e)—e ca—-pK |
ry = = —€1 <1,
M1 M1

where €| = (B1€1 + €1)/1u1 > 0. Clearly €; can be chosen sufficiently small (and
T sufficiently large) such that

r1 > max{0, 1 — g1 K /u1}. (14)
Hence, for ¢t > Ty,
u < piu(—ry +u).

If for any time T > T, u(T) < rq, then lim;—, o, u(¢) = 0. But if u(t) > rq for
t > T, then we obtain the following upper bound for S(¢):

S@) < N@) — Li(t) = N@)(1 —ry).
Next, if the following inequality holds:
il —rpK —ci+p1 <0, (15)

choose a positive constant €, < €7 sufficiently small and 7> > Tj sufficiently large
such that

a=p0—-r)K+e)—c+u +e <0,

and fort > T»,
n
N <K+e, Y wjijt) <e.
j=2
Hence, for t > T it follows that it < apu, and lim;_, o u(t) = 0.
However, if the inequality (15) does not hold; that is,
B1(l —r)K —c1+p1 =0.

Then, using similar arguments as above, we define

a-pd-r)K+a)—a a-Al-r)k .
I I

2 =1,

where €) = [B1(1 — r1)ex 4+ €2]/11 > 0. In addition,

— BiK K K K 8
c—h +ﬁ1 r1—€2>r1~|-'31 r1=r1<1+'31—>=r1(1+'3)’
H1 M1 m H

rp =
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where B = B1K/u1. Because u < pju(—ry + u) for t > T, if for any time
T > T, u(T) < rp, we have lim;_, oo u(t) = 0. But if u(¢t) > ry fort > T, then
S(t) < N(t)(1 — rp). We can choose a positive constant €3 < €3 sufficiently small
and T3 > T, sufficiently large such that

a3 =P1(K+e)(1 —r) —c2+puy+€ <0,

and fort > T3, N(t) < K + €3, and Z?:z wjij(t) < e3.
Again, we have two cases. If

Bl —r)K —cy + 1 <0,

then, in a manner similar to the preceding arguments, it can be shown that
lim; oo u(¢) = 0. But if

B1(1 —r)K —c1+p1 =0,

we define

a—Bl—-r)(K+e)—e c—-ppl-r)K _
r3 = = — €3 E 17
M1 M1

where
r3>ri+Bro>r+ i+ B) =ri(1+ B+ ).

We continue in this manner, obtaining a monotone sequence bounded above by one,
0<ry <rp<---<r, <1, and having the property that

n—1
ry > rq Z,Bk.
k=0

If = pB1K /iy > 1, then lim,_, o r, = 0o and if B < 1, then by choice of r;
(see (14)),

. ry ri
lim r, > — = >
oo " S 12 f T 1= BiK/m

Therefore, there must exist an integer m with r;, > 1 — § > u(¢) such that
i < piu(—ry +u).
It follows that lim;_, o, u(¢) = 0. Thus, lim;_, o, Z’}:l Ij(t) = 0, and as shown in

the proof of Theorem 3, lim;_, oo N () = K,lim;_, o R(t) = 0,and lim;_, o, S(¢) =
K. This establishes the desired result. O
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4. Numerical results for competitive exclusion

In this section, we consider the logistic function f(N) = r(1 — N/K), where
0 < r < b. We assume that the carrying capacity is K = 100, the birth rate is
b = bj =1, and the intrinsic growth rate is r = 0.7. Furthermore, we let the recov-
ery rate be y; = 0.5. If the time unit is years, then the average length of infection is
about one year. We assume that the transmission rate §; depends on the virulence
or disease-related death rate ; (see, e.g. [10,11,22-24,27]). In particular, we let

ap;
C+Mj.
Leta = 0.075,¢ = 0.2, and p; € [0.1, 1]. Then

Bj=

7.5/Lj 7.5/Lj
= and By ; = .
02+ )5+ 1)) 7702+ )08+ )

If the p; are restricted to [0.1, 0.4], then condition (4) is satisfied for all j =
2, ... ,n and the dominant strain is the one with the largest disease-related death
rate. This strain also has the highest transmission rate. However, if the u; are re-
stricted to [0.55, 1], then condition (3) is satisfied for all j = 2,...,n and the
dominant strain is the one with the smallest disease-related death rate. If there are
strains whose disease-related death rates are in the interval [0.1, 1], then it may be
the case that conditions (3) and (4) are not satisfied. For example, suppose there
are five strains satisfying ; = 0.057 + 0.35, j = 1,2, 3,4, 5. In this example,
conditions (3) and (4) are not satisfied but the third strain, where 3 = 0.5, appears
to be the dominant strain. For the initial conditions 1;(0) = 1, j = 1,2,3,4,5,
S(0) = 1,and R(0) = 0, solutions to this five strain model are graphed in Figure 1.
It is clear from this figure that competitive exclusion occurs. This five strain exam-
ple shows that the conditions (3) and (4) are sufficient but not necessary conditions
for competitive exclusion to occur.

In the next section, we give an example where the conditions of Theorem 3 are
not satisfied, but where coexistence occurs.

Ro,

5. A coexistence case

In this section we consider the following case with two strains, i.e., n = 2. Let
f(N) =r(1—N/K), where the carrying capacity is K = 100 and intrinsic growth
rate is r = 4. Suppose the birth rate b = b; = 6 and the transmission rates and re-
covery rates for the two strains are 81 = 2, 82 = 1, and y; = 1 = y», respectively.
Suppose strain 1 with the largest transmission rate also has the highest virulence
or disease-related death rate, 1 = 10 and p» = 3. Clearly in this case the repro-
duction number Rp,; = 11.765 > 10 = Rp2 but c; = 17 > 10 = ¢,. However,
Bo,1 = 15.385 < 16.667 = By 2 but 1 > B». Hence, neither conditions (3) nor
(4) are satisfied. Simple computations show that a positive steady state exists for
this case and is given by:

S§S=7,1=4929, I =8.571, and R =4.5.
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Fig. 1. Competitive exclusion when conditions (3) and (4) are not satisfied.

25

)
— L0

0 5 10 15 20 25 30

Fig. 2. Coexistence of the strains /;(¢) and I,().

Furthermore, local stability analysis proves that this positive steady state is locally
asymptotically stable. In particular, the Jacobian matrix has eigenvalues given by

A1=-—8.657 4+ 6.338i, Ap =—8.657 — 6.338i, A3=—1.899, and A4=-0.216.

Our numerical results indicate that this equilibrium is indeed globally asymptoti-
cally stable. In Figure 2 we present the two coexisting strains.
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Appendix: A dynamical systems proof of theorem 3

To show liminf;_, o I1(¢) > 0 if for each j = 2, ..., n, either (3) or (4) holds
and Ro,1 > 1, we apply dynamical systems theory (see e.g., [12,13,30]). To this
end, note that the system of n + 2 differential equations has only two equilibria
points satisfying [ i =0forj =1,2,...,n. One equilibrium is the extinction
equilibrium, Eg = (0, 0, ..., 0), where N = 0 and the other one is the disease-free
equilibrium, E; = (K, 0,0, ... ,0), where S = K = N.

The Jacobian matrix or variational matrix at the extinction equilibrium Ey
satisfies

O b e b

0 fO—c; 0 o 0
vo=| 0 0 fO) —cr-- 0

0 » vo O —b

Clearly there is one positive eigenvalue, f(0), with corresponding eigenvector
(1,0,0,...,0)" and the remaining eigenvalues are negative: f(0) — cj <0,
j=1,2,...,n,and f(0)—b <0 with corresponding eigenvector (1, 0, 0, ..., —1)".
The direction of flow in the S-R phase plane is shown in Figure 3.

Ei

Fig. 3. S-R phase plane.
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The variational matrix at the disease-free equilibrium E; satisfies

Kf'(K) K(f'(K) =B+ b K(f'(K)—B2)+b--- Kf(K)+b
0 ,31K—C1 0 0

v, = 0 0 B K —c; cee 0
0 14 Y2 E —b
If Ro,; < 1for j=1,2,...,n,then all of the eigenvalues are negative and the

disease-free equilibrium is locally asymptotically stable. However, if R > 1,
then there is at least one positive eigenvalue. The eigenvalues are K f/(K) with
corresponding eigenvector (1, 0,0, ..., 0), BiK —cj, j=1,2,... ,n,and —b
with corresponding eigenvector (1, 0, 0, ... , —1)’. These facts will be used below
to show that liminf, . I1(t) > 0if Rp,1 > 1.

Suppose there exists a solution with liminf;_, o I;(#) = 0. Denote the pos-
itive orbit as I'(Xg, t), where X is the vector of initial conditions, S(0) > O,
1;(0)>0,;=1,2,...,n,and R(0) > 0. Since lim;,  1;(¢) = 0 for j > 1, the
omega-limit set w(Xo) of I'(Xo, t) must intersect the positive quadrant of the S-R
plane, Qsr = {(5,0,0, ..., R)|S = 0, R > 0}, in a nontrivial point. The omega-
limit set cannot equal Eq because then lim; .o [;j (1) =0, j =1,2,... ,n, and
lim; oo N(t) = K = lim;_, » S(¢). However, from the I; differential equation in
(1) it follows that I ) > L(t)(B1K —c1 —€) > Ofort > T sufficiently large and
€ sufficiently small which contradicts the fact that I (f) approaches zero. Thus, the
omega-limit set must intersect Q25 in a point P different from Ep and E;. Because
(X)) is closed and invariant, it must contain the entire orbit containing P that lies
in Qgg; this means E; € w(Xp).

If P lies on the S-axis, P # Ep and P # E1, then either the orbit along the
S-axis which is above or below E; belongs to w(Xp). Either case is impossible
because if the orbit on the S-axis, below E1, lies in w (Xg), so does the origin and if
the orbit along the S-axis, above E1, lies in w(Xg), then solutions are unbounded.

If P lies in the interior of Qg or on the R-axis, then the orbit containing P
is unbounded, again a contradiction. In all cases, there is a contradiction; hence,
it is impossible for w(Xg) to contain a point P # Eo, P # E|, P € Qgg. Thus,
liminf, o I1(¢) > 0.
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