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Preface

In biological population, individuals may differ in a ‘structure’ variable such as age, size,
weight and other quantities that influence individual development—growth, reproduction
and mortality. Modelling such kind of phenomenon is structured population model, which
bridges the gap between mechanisms at the individual level and behavior at the level of
the population.

In a typical direct problem one prescribes model ingredients that describe mechanisms
at the individual level, lifts the model to the population level, and finally studies phe-
nomena at the population level. In the inverse problem the situation is reversed. Using
knowledge about behavior at the population level one wants to deduce the underlying
mechanisms at the individual level.

Lots of literature have been contributed to the development of theoretical and com-
putational methods for the direct and inverse problem of different structured population
models. However, there are still lots of open problems that need to be explored, which
inspire us to study some of them.

A hierarchical size-structured model with nonlinear growth, mortality and reproduc-
tion rates is studied in Chapter 1. A finite difference approximation is developed to
establish the existence-uniqueness of the weak solution to the model. Simulations in-
dicate that the monotonicity assumption on the growth rate is crucial for the global
existence of weak solutions to the hierarchical model.

The inverse problem in a coupled system of nonlinear size-structured populations



vi

is studied in Chapter 2. A least-squares technique is developed for identifying unknown
parameters and its Convergence results are also established. Ample numerical simulations
and statistical evidence are provided to demonstrate the feasibility of this approach.

A nonlinear size-structured phytoplankton-zooplankton aggregation Model is stud-
ied in Chapter 3. A monotone approximation method is constructed to establish the
existence-uniqueness of the weak solution to the model.

We also provide a numerical solver in this dissertation for the general size-structured
population model which is a generalization of the models discussed in Chapter 1 and
Chapter 2. This solver was written by using Matlab to be a user-friendly package which
was compiled to a stand-alone one. In Chapter 4, we give some instructions about how
to use this package and how we compile it into a stand-alone package.

The dissertation is partially supported by the National Science Foundation under
grants # DMS-0311969 and # DMS-0211412 for which we are thankful. I would like
to thank Mr. Joel Derouen for writing the first version of the numerical solver for the
general size-structured population model. Without his work, this package will never
become into existence so soon. I would also like to thank Professor N. Pal for extensive

discussions concerning statistical aspects of Chapter2.



Chapter 1

A Quasilinear Hierarchical Size
Structured Model: Well-Posedness
and Approximation

In this chapter, a finite difference approximation to a hierarchical size-structured model
with nonlinear growth, mortality and reproduction rates is developed. Existence-uniqueness
of the weak solution to the model is established and convergence of the finite difference
approximation is proved. Simulations indicate that the monotonicity assumption on the
growth rate is crucial for the global existence of weak solutions. Numerical results testing
the efficiency of this method in approximating the long-time behavior of the model are

presented.
1.1 Introduction

In this chapter, we consider the following initial-boundary value problem which models

the evolution of a hierarchical size-structured population:

ur + (9(z, Q(z, t)u)y + m(z, Q(z,t)u =0, (x,t) € (0,L] x (0,77
9(0,Q(0,2))u(0,t) = C(t) +/O Bz, Q(x,t))u(x, t)dx, t e (0,T] (1.1.1)

u(x,0) =u’(z), = €[0,L]



Here u(x,t) is the density of individuals having size z at time ¢, and

Q1) = a / " w(E)ule, t)de + / w(E)u(E, Hde, 0<a <1,

is a function of the density u referred to hereafter as the environment. The coefficient « is
related to the degree of hierarchy in the population. More precisely, « is the weight of the
lower ranks in the competition for resources. The function w represents the population
measure being used. For example, w(z) = 1 means the total number of individuals in the
population while w(z) = z means the total biomass. The function g denotes the growth
rate of an individual and m denotes the mortality rate of an individual. The function (8
is the reproduction rate of an individual, while C' represents the inflow rate of zero-size
individual from an external source. It is worth noting that g, m and [ are functions of
both the size and the environment.

Hierarchically structured population models have been studied by several researchers
during the past decade (e.g., [3, 4, 6, 7, 8, 9]). Below, we briefly discuss the models
that are most related to (1.1.1). In [4] the model (1.1.1) was considered under the
assumption that the vital rates depend only on the environment Q(z,t), i.e., ¢ = g(Q),
B = 6(Q), m = m(Q) and C = 0. Therein, the authors transform the nonlocal PDE
into a local one by means of variable change similar to that used in the age-dependent
case [6]. Moreover, a decoupled ordinary differential equation is obtained for the total
population. The existence and uniqueness of solutions for the transformed problem are
proved, and hence an existence-uniqueness result for the original problem is established
(under a compatibility condition on the initial data u"). However, their method does not
apply to the more general setting presented in (1.1.1).

In [3] the model (1.1.1) was studied with parameters g, § dependent linearly on the
size x, m independent of z, and C'(t) = 0 as well. The existence-uniqueness of solutions to

the model is proved using an equivalent pair of partial and ordinary differential equations,



where the ODE describes the dynamics of the total biomass.

In [9] problem (1.1.1) was investigated with a = 0. Such a problem is used to model
competition for light in a forest, whose distinct feature is its hierarchical nature (see,
e.g., [11]). This means that taller trees are overshadowing the smaller ones, but not
vice versa. The analysis therein uses a coordinate transform which brings the model
into a simple form reducing the first order partial differential equation to a family of
coupled ordinary differential equations for population density and size as functions of
characteristic variables. An existence-uniqueness result for the coupled ODE is obtained,
from which the existence-uniqueness of continuous solutions for the original problem
follows (under a compatibility condition on the initial data).

In this chapter, we are also concerned with the existence-uniqueness of solutions to
(1.1.1). A framework similar to the one in [1, 2, 5, 10] is used to obtain existence-
uniqueness of weak solutions as well as convergence of the difference approximation.
There are two main differences between the model (1.1.1) and classical scalar conservation
laws such as those considered in [5, 10]. 1) A scalar conservation law is considered
on R while (1.1.1) is considered on a compact interval [0, L] with a nonlinear nonlocal
boundary condition. 2) The flux in a conservation law is a local nonlinearity versus a
nonlocal nonlinearity in model (1.1.1). Problem (1.1.1) is also different from the case
where o = 1 considered in [1, 2]. For this special case of « the environment ) =
Qt) = fOL w(&)u(&, t)d¢ is only a function of time. These differences result in different
dynamics. In particular, it is well known that without any monotonicity assumption on
the flux term in a conservation law or in the model (1.1.1) with a = 1, a unique bounded
solution exists under some regularity assumptions on the parameters. However, this is
not the case for the hierarchical structured model (1.1.1) with 0 < o < 1. As is shown
in Section 1.3, solution to this model may blow up in finite time if g is not monotone.
Therefore, in Section 1.2, we develop new techniques to handle these differences and

obtain the necessary apriori estimates.



By a weak solution to problem (1.1.1) we mean a bounded and measurable function

u(z,t) satisfying

/0 Lu(m t)p(x, t)dr — /O LUO(Q;)@(;I; 0)dz

// (ups + gup, — mup)dx ds (1.1.2)

/0 (Os( /ﬁxQ:ﬁs)) (:z:s)d:c)ds

for t € [0,7T], and every test function p € C*((0,L) x (0,7)). We note that this is the
first result on convergence of approximation for a hierarchical size-structured model with
nonlinear growth, reproduction and mortality rates. From our point of view, this is what
gives our approach to establishing existence-uniqueness an advantage over the above-
mentioned ones, since it results in a numerical scheme which can be used for studying
the long-time behavior of the model (see Section 3 for an example). Furthermore, as
is seen below, our approach does not require any (biologically irrelevant) compatibility
condition on the initial data u".

The following regularity conditions will be imposed on our model parameters through-

out this chapter:

(H1) g(z, Q) is twice continuously differentiable with respect to x and @, g(z, Q) > 0 for

v €[0,2) and g(L,Q) = 0, go(z,Q) < 0.
(H2) m(z, Q) is nonnegative continuously differentiable with respect to x and Q.

(H3) (B(z,Q) is nonnegative continuously differentiable with respect to x and Q. Fur-

thermore, there is a constant w; > 0 such that sup(, g)ep0,1)x[0,00) B(7, @) < wi.
(H4) w(x) is nonnegative continuously differentiable.
(H5) C(t) is nonnegative continuously differentiable.

(H6) u® € BV|0, L] and u°(z) > 0.



Smoothness assumptions of similar type with respect to the environment () have been
used in other hierarchical size-structured models (see [4]). Such smoothness in @) seems
not to cause any significant restrictions in the intended applications. For the convenience
of exposition, we require the same smoothness with respect to x, although such smooth-
ness in x can be relaxed. For example, some applications assume that the birth rate 3
is a piecewise continuous function in x. This case can be treated by our methodology,
however, additional technicalities will be required.

The remainder of this chapter is organized as follows. In Section 1.2, we develop
a numerical scheme for computing the solution of (1.1.1) and prove the convergence of
this scheme to the bounded total variation unique solution. In Section 1.3, we present a
numerical example which shows that the assumption gg < 0 is necessary for the global
existence of weak solutions. Furthermore, we give another example which demonstrates
how well our scheme performs in approximating the long-time behavior of solutions to

the model (1.1.1).

1.2 Existence-Uniqueness and Convergence of approx-
imation

In this section we establish the existence and uniqueness of weak solutions to (1.1.1).
This will be done through the following series of steps: 1) We construct a finite difference
approximation for the model (1.1.1). 2) We establish apriori bounds for the solutions
to the difference approximation (Lemmas 1.2.1, 1.2.2, 1.2.6 and 1.2.7). 3) These apriori
bounds are then used to show that a set of functions generated from the difference
approximation is compact in £1((0, L) x (0,7T)) topology, and hence we are able to pass
to the limit along a subsequence. This shows the existence of a weak solution. 4)
Finally, we prove uniqueness of the weak solution, and hence establish convergence of the

difference approximation.



The following notation will be used throughout the paper: Az = L/n and At =TI
denote the spatial and time mesh sizes, respectively. The mesh points are given by:
z; =jlAx, j =0,1,...,nand ¢, = kAt, k =0,1,...,l. We denote by uf and Q? the

finite difference approximations of u(z;,t;) and Q(z;,t), respectively, and we let
g_;c = g(l’],Q?), 6]k - ﬁ<$j7Qk>) m - m<x]7Q§:)7 w] - ’LU(.T]), Ok - O(tk>

We define the difference operator

and let the ¢! and ¢ norms of u* by
n
[uf]l = Z |U§?|AHC7 ¥ |loo = max|u |,

respectively. Since ¢ is a positive function, we discretize the partial differential equation

in (1.1.1) using the following upwind implicit finite difference approximation:

k+1 k k+1 k+1

U giui ™ — g k, k1 _ :
N —|— N +mju; =0, 1<7<n,
goug" = C'“FZ Bjui e, (1.2.1)
—aZwl kAx+ Z wukA:E
i=j+1

with the initial condition

If we define



then (1.2.1) can be equivalently written as the following system of linear equations for

ﬁk—i—l — {ulochl’ ulf+1’ o ,uﬁ“]T c Rn—i—l
Akt = (1.2.2)
where f¥ = [Ck+ 3 Bhuk Ax,uf, ... uf]" and A* is the following lower triangular matrix
j=1
gk 0 0 .- 0 0
—Slgk @0 - 0 0
AF = 0 —&Lgb a5 - 0 0
0 0 0 - —2Lgt,

We develop the above implicit scheme because for any choice of At and Ax, one can
easily see that under the assumptions on our parameters, the system (1.2.2) has a unique
solution satisfying @**! > 0, k = 0,1,...,1—1. From a biological point of view, it is very
important that the numerical approximation preserves the nonnegativity of the solution.
Next we state that the difference approximation is bounded in ¢! norm. The proof of
this result is similar to that of Lemma 1 in [1], and hence is omitted.

Lemma 1.2.1. The following estimate holds:
k
[uF]ls < (14w AF[[ully + ) (1 +w A A,
i=1
and thus
!

¥ < Qmax = oo sup (14w A ]l + > (14w At T'CT AL < oo

=1



Remark 1.2.1. Since g is twice continuously differentiable with respect to z and @), and
m is continuously differentiable with respect to x and @), there exists a positive constant
wy such that

9(z;, Q%) — g(x;-1,Qh)

k
max + . (/)A < max () -+ max () = w
1<j<n Ax m(z;, ]) o (x,Q)eD‘gx(x’ ) (x,Q)eD|m($’ ) >

where D = {(z, Q)|(z, Q) € [0, L] X [0, Qmax]}-

We then establish an £°° bound on the difference approximation. Here go < 0 plays
a crucial role for establishing such a bound. Note that by (H1) there exists a positive

constant p such that p < g(0,Q) for @ € [0, Qmax]-

Lemma 1.2.2. Assume that /At is chosen to satisfy we/At < 1. Then we have the

estimate

k—1 Ck_l
o < mae {1 = ) ], 2D,

1

Proof. If ug™ = max ™", then from the second equation of (1.2.1) we get
J

n
goup™ = C* + Zﬂfuf&m < wy|[uf||; + CF.
=1

Since pu < g(0,Q) for Q € [0, Qmax], Wwe obtain

k k k k
maxu;‘fﬂ — bt < wyl[u®lly +C < wyl[u®lly +C _

< 1.2.3
J 94 0 (1.23)

M1 — max u?“. Then from the first equation

J

Now, suppose that for some 1 < i <n, u

of (1.2.1), we have

(1 + A_ng + Atmf) uf“ — A—xgi_lulfl1 =uy;.



Since u/ "} < uf™, we obtain

(1 + ATy Atmf) ubtt <k
Az

Furthermore, by adding and subtracting alike terms we find that

k_ gk k k k
9 — 9 _ 9(@:, QF) — g(zi-1, Q7) A Qi —
Ax - Az + gQ('xl—la Q) Azr )

(1.2.4)

where @ is between Q% | and QF. Clearly,

M_azwﬂ + Z wji _azw] ij = (o — Db, (1.2.5)

j=i+1

Hence,

k k ~
1t (4 LD 0000 4 g, G~ D b <
T

Noticing that gg < 0 and 0 < a < 1, and using Remark 1.2.1, we obtain
(1 — weAt)ul ™ < k.

Since 1 — we At > 0, we have

1 1
k+1 k k
L s < ma
Y 1-— ngt Ui 1-— WQA U

which implies

maxu < (1 —wAt)™ maxu?. (1.2.6)

J J



A combination of (1.2.3) and (1.2.6) then yields

wl”uk—lul + Ck:—l

e < max {(1 — )]

Tt

10

0

The next three lemmas are necessary to show that the approximation uf has bounded

total variation.

Lemma 1.2.3. Assume that At is chosen to satisfy wo/At < 1.

positive constant Ey such that for each k

QF — QF 1
At

max
K3

< E.

Proof. From the third equation of (1.2.1), we find

k_ Qk-1 ‘
% = aZwJ Am+ Zw]
Jj=i+1
:—aZw]klk—l—ij
Jj=i+1

n

Jj=i+1

Moreover,

k-1

u — uj
Az

k
lj]Aa@

- aZwJDA:E k ! f) Z wJDAm( k luf)] AV

E: klk E klk
. w] Am w] Ax U’])] Ax

Jj=i+1
i—1 n—1
= aZg;?_lwx(i:jH)qua:—l— Z gf_lwx(a‘cjﬂ)qux
=1 j=it1
k Bl b

k—1 k—
fawigy Uy — aw;g; Lk + Wiy19;

Z Y

Then there exists a

(1.2.7)



11

where 7, is between z; and z;,,. Hence,

Qk Qk 1 N
max < max m(x W|leo + max T, max |w U
x| B2 < | o e Q) ol + s oo Q)] mas [0/ | ot
3 Y oo k: oo
+3 max|g(. Q) ol "]

Thus by Lemmas 1.2.1 and 1.2.2, there exists a positive constant F; such that for each

k k—1
k max Q Q < Ej. ]

i

Lemma 1.2.4. Assume that At is chosen to satisfy we/At < 1. Then there ezist a

positive constant Eo such that for each k we have

ok —
— 2\ < E,. 1.2.8
At | T 77 (128)
Proof. By the fact that
90“15+1 —glg_lulg _ gkUISH Ulg T kgO gk_l
At 0 At YA
we have from the boundary condition
gkUISH - “IS I ukg() - gg ! Ok - !
0 At O At At
n k k ﬁk 1 k 1 n U]-C—U]'f_l ﬁk 6k 1
_ i U _ k% 4 k: 1
-y - Ar=Y" [ﬁi —— ~ } x (1.2.9)

i=1 i=1

k k—1
= Y { DA + bt ol O E P

=1
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where @f is between QF and Q¥~'. Note that

n

Z[ 5kDAa;( F k)]Ax—ﬁfg’g ' kJFZ ;i k ]+1 ﬁk)

=1

—k
= BYgs tug + Zgg [B2(Zj41, Q1) + (a0 = 1) Bq (), Q) Jwjufy Jul A,

where Z;11 € (z;,2j41), and Q j+1 18 between Qk and Qg+1 Substituting the above

equation in (1.2.9) we have

puo —ug g6 — g0 L M= C!
O At O At At
< w; max |m(z, uF||y + By max x, w7 + wr max g(z, ¥ oo
< wr max (e, Q)| [+ B max [Go(e Q)+ max g, Q)]
+max x, max |0.(z, + (1 — o) max T, woouk oo] u¥|.
e gl @) | max 0.6 Q)+ (1~ ) (e Q) s 1l
Note that
9% —9 " _ 9(0,Q8) —9(0.Q5") _ 40(0, ghH@- @
At At At ’
—k gk _ gk—l
where Q,, is between QF ' and QF. Hence, by (1.2.7) we have % < E; (Irclge)nx lgo(x, Q).
Thus by (H5), 4 < g&, Lemmas 1.2.1 and 1.2.2, we see that there exists a positive constant
k+1 ok
FE5 such that %Ttuo < Es holds for every k. O

Remark 1.2.2. Since g is twice continuously differentiable with respect to z and @), and
w is continuously differentiable with respect to z, in view of (1.2.4)-(1.2.5) and Remark

1.2.1 there exists a positive constant ws such that

max | D, (97)] + max |mj] Jnax [ga(2, Q) + max |go(z, Q)1 = a)l|wlleo[u”]

+ max |mlzx,
max m(z, Q)|

< wy 4+ max |go(z, Q)|(1 = a)Jw|wol|u* ]| < ws.
(z,Q)eD
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Now set 7f = Dy, (u¥). We have the following result.

Lemma 1.2.5. Assume that At is chosen to satisfy w3\t < 1, then there exist positive

constants B3 and Ey such that

n

> [Da, (Dag(ghul™)) + Dy, (mhub*h)] sen(nf ™) Az

=2

+[Dx, (gFuf ™) + mbul ™ )sgn (i) (1.2.10)

> — (wslln™ s + Eslln®lls + Ei) -

Proof. We first consider the terms > Dy, (Dx,(giu f“)) sgn(nf“)&m and D, (gFuft)sgn(ni ).

j=2
Straightforward computations give

k k:+1 k+1

gyuitt — gf_uj
§- o (S0

g — gt b it
ZDM St | sen(npt) po+ Y D;, (g S | sen(ny A

7j=2

and

D, (giuy™)sgn(ni™) = Dy, (gb)ug 'sgn(ny™) + gf[ni .
Furthermore,

k+1 ufjll k1 ki k1
ZDM 7&5 sgn(n; ) Az + gim |

nk+1 ,’7]?:4—1
= Z i D, () Az + Z gr 1stgn(m’““)Ax + g¥ ||

v

Z DR, (9) A + Z giy (I = b)) + ghnf ™
=2 =2

n

= D (Mgl — gl ) + gt = gklni T = 0.
=2



Hence,

Z Dy, (D, (ghut*Y)) sgn(nf ™) Az + Dy, (gFuf*)sgn (i)

g — gt
> ZDM 2Tk ) sgn(nf ) Az + DR, (gf)ub T sgn(nf )
l'
n—1
= ZDKI(sz(gf)) wsen(f ) Az +> " D, (95 Da, (b sen(nf ) Ax
. =

+Dm(91 Jugsgn(n )

- Il+12+]3.

Moreover, we find

k k
Di.(Di.(g5) = & (75, <) Ag;(xj L @)

k

_i_gQ(%‘—l,@?)(Q? - Q?—O - QQ(Ij—27@j—1)(Q§—1 - Q§—2)
(Ax)? ’

_ _ —k
where Z; € (.Z'jfl,lfj), Tj-1 S (xj727xj71)7 Qj

between Q§_2 and Qf_l. Rewriting the right side of the above equation yields

92(Z;, Q;C) — 92(Zj-1, Q?—l)
Az

~ Tj—Tjq - A

and

go(z;-1, @)(QF — Q%) — g2, Q) (QF_, — QF_y)
(Ax)?

—k =k
~ —k =k k Q] - Qj—l
P 1 CE L S ET o 8 O T B

+90 (52, Q) (o — D' (&)t + go(5-2, Q) (@ — Vw(a,—i )i,

where 7; € (z;_1,7;), QF

_ —k
is between Q?_l and Qé‘f’, and Qj_l

14

18

is between Q;-Cfl and Qf, ‘%j—l S (LL’j_Q,.Tj_l), i’j c (l‘j_l,l’j),
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=~k _ _
and (); is between qu and Qf. For simplicity, we may let I; = J; + J5, where

ZQQ Tj-9,Q;)(a = Nw(z;_1) fﬂ%fsgn(?ﬁ“)ﬂ Z,

and Jo contains the remaining terms in ;.

We then consider the other term Y Dy (m5 k“)sgn(nf“)&x. Simple calculations
j=2
yield

ZDM uFsgn(nt) Ax

= Z Dy (m f*llsgn(nf“ VAx + Z me;x(u;?“)sgn(an)A
=2

= 27 |mal@, Q)+ maley, @) = Dyl | it sen(f ) A + Y milnf da
Jj=2 =
= I4 + [57

where &, € (v;_1,%;) and @? is between Qf_l and Q?.
By Remark 1.2.2, I + I5 > —ws||n*™!{|;. Then by Lemmas 1.2.1 and 1.2.2, there
exists a positive constant Fj such that J; > —FEs||n*||;. Furthermore, noticing the fact

that IV
Qj - ijl
Az

QF —QF
Ax

Qj 1 Q_];';fQ
Az

+ < 2(1 = o) Jwl ool |,

we see that there is another positive constant F, such that

Jo + I3 + Iy + myuflsgn(nfth) > —E,.

Thus we obtain (1.2.10). O

With the above lemmas, we now can show that the approximation uf has bounded
total variation. This bound plays an important role in establishing the subsequential

convergence of the difference approximation (1.2.1) to a weak solution of (1.1.1).
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Lemma 1.2.6. Assume that At is chosen to satisfy ws/A\t < 1. Then there ezists a

positive constant Es such that |Dx, (u*)|; < Es.

Proof. Apply the operator D, to the first equation of (1.2.1) to get

77;?“ - 77? gf ?H - gJ 14 f+11 k+1 .
g T Das Ay + Dy, (mfuf™y =0, 2<j<n. (1.211)

If 5 =1, the first equation of (1.2.1) takes the form

Mf“ k L glulfﬂ go ISH I
At Ar myuy .
On the other hand,
e A S A T v T 7 N S AV R 17
At At Ax N N N A7 :
Hence,
k+1 k k+1 k
. 1 _
% =" Az (%Ttuo + Dy, (9rui™) +miu ’““) . (1.2.12)

k‘+1) >

Multiplying (1.2.11) by sgn(n k“)A:c and noticing that —n;sgn(n; —|n¥|, we have

it — k|

JAN
~ x +

D~ gruit —giuh D= (bt AL < 0
Az Ax + Az(mjuj ) Sgn(% ) T >

for 2 < j < n. Similarly, multiplying (1.2.12) by sgn(n¥™')Az, we have

|77’1€+1‘—’77ﬂ UISH Ulg k. k+1 k. k41 k+1
TA:E + {Tt + DM(glulJr ) 4+ miuit } sgn(ny™) <0.
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Summing over the indices 7 = 1,2,...,n, we obtain

k+1 _ k n _ _ _
lln II& In*1l1 + Zj:Q [DM (DAx(gfufﬂ)) + Dm(mfuﬁﬂ)} Sgn(nfﬂ)Ax

uk+1_uk
+H[Dy, (ghuf ) + mbuf Jsgn(nf ) — [ <0

Then by Lemmas 1.2.4 and 1.2.5, we have

7l = [1n* 1y
At

< uJ3||77I€+1H1 + E3||77k”1 + LBy + By

The above inequality leads to the desired result. O

The next result shows that the difference approximation satisfies a Lipschitz-type

condition in ¢.

Lemma 1.2.7. Assume that At is chosen to satisfy ws/\t < 1. Then there exists a

positive constant Eg such that for any q > p, we have

q P
Uy — U

At

i Az < Eg(q —p).

J=1

Proof. Using the first equation of (1.2.1), we obtain

n

2

J=1

uF — gk

J jA
N

Az 7

n ko ktl ok ket
giju; - — g;_ U4
= E (J / N (T WAV

i=1

n k k k+1 k+1
_ 95 — 91 T A
= Zjl [ (T +ma') R e bl

Hence, there exists a positive constant Fg such that

n

2

j=1

k+1 &
u; u;

— ok k|, ket k| kt
N D [Dau(gf) + ml |t Ax 4 Y gp nf T A

Jj=1 j=1
wsl[u* ]y + max g(z, Q)[In" | < Ee.
(z,Q)eD

)

IA
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Thus,

<
<

Following [10] we define a family of functions {Ua, at} by

Uppni(x,t) = Uf

for x € [zj_1,2;), t € [ti—r1,tk), J = 1,...,n and k = 1,...,l. Then, by Lemmas
1.2.1, 1.2.2, 1.2.6 and 1.2.7, the set of functions {Ua, .} is compact in the topology of
L1((0,L) x (0,T)), and hence following the proof of Lemma 16.7 (p.276) in [10] we have

the following lemma.

Lemma 1.2.8. There ezists a sequence {Upz, pt;} C {Unznt} which converges to a

BV([0,L] x [0, T]) function u(x,t) in the sense that for all t > 0

L
/ |UAx-;,Ati - U(x,t)‘dx — 0
0

and

T L
/ / \Upa; nt, — u(z, t)|de dt — 0
0 0

as i — oo. Furthermore, there exists a positive constant Er (dependent on |[u°||gvio,r

and ||C||c1jo.71) such that the function u satisfies

1wl By (o,1x[0,17) < E7-

The next theorem shows that the limit function u(z,t) constructed via our difference

scheme is a weak solution of problem (1.1.1).
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Theorem 1.2.9. The limit function u(z,t) defined in Lemma 1.2.8 is a weak solution

of (1.1.1) and satisfies

T
O, 1) < ol Dl < e (eMTuu‘)ul v em<“>c<s>ds>

and

e“ZTHu

"l

|1 Cllco.r + willwl| zoo 0,1y 0,1)) }

|| oo (0,2)x (0,7)) < max{ ;

where p1 < g(0,Q) for @ € [0, Qmax]-

Proof. Let ¢ € C'((0,L)x(0,T)) and denote the finite difference approximations ¢p(x;, ty)

by <pj Multiplying the difference scheme by <pk+1 we get

k+1 k+1 k k k+1 k k+1 k+1 k+1, k+1

®j jgoj k‘py 90 _|_gj i ¥ gJ 1Uj-195-1
At At Ax
k+1 k+1
k1P T P k k+1 k+1

—g] 15 Ar +miu; =0,

Multiplying the above equation by AzAt, and summing over £ = 0,1,2,...,7 — 1 and

j=1,2,...,n, we obtain

M:

(w50 — ujp)) Aa

i=1
i-1 n k1 E+1 k1
K ¥j 90] k+1‘pJ Pl ko k+1 k+1
= A . ug | ———— — mju; AzAt
;0; ( Al g1 Az

Passing to the limit, we find that w(z,t) satisfies the weak solution condition. Taking
the limit in the bounds obtained in Lemmas 1.2.1 and 1.2.2, we get the above bounds on

Q(z,t) and ||u||zo((0,0)x(0,1)), respectively. O
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The following theorem guarantees the continuous dependence of the solution {ué“} of

(1.2.1) with respect to the initial condition u®.

Theorem 1.2.10. Let {uf} and {d5} be the solutions of our scheme (1.2.1) correspond-
ing to the initial conditions ug-) and 122 and the boundary conditions C* and ék, respec-

tively. Then, there exists a positive constant § such that
[+ — @y < (1 4+ 6AL) |ub — @y + AtjC* — CF|. (1.2.13)

Proof. Since {u¥} and {a¥} satisfy

k+1 k
wu’ —u”
7 X, J —i—DggE(g;C f“)%—m?u?“ =0, g(’fugJrl oF + E k kAx
okt — gk
o+ Da (g0 eyt =0, godg™ C’“+§ Bl A,

respectively (here gf = g(zj, @?), and similar notation is used for mgﬂ and Bjk), letting

vF = uf — i, we get
PRk
k, k ~k~k k, k ~kak .
JTt] + Dy (gyus™ — gral ) + miuftt —mbaitt =0, 1<j<n (1214
ghuktt — ghaktt = (CF — CF) +Z Biubie = prak A, (1.2.15)

Multiplying (1.2.14) by sgn(v k+1)A$ noticing —v¥sgn(v k“) > —|v¥| and summing over

j=1,2,...,n, we find

||Uk+1||1 - ||Uk||1 - koL _ ghgktl k, k+1 o ks k41 k41
At < - Z [DAm(gJ Uy — gy ) + myty - — MUy } Sgn( JA.
j=1

(1.2.16)
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Note that

n

ZDAJ: gf Jk+1 sgn(v kH)Ax = Z[ kHDAx(gj)-f-g] 1D£m(vk+1)} sgn(v k“)Az

j=1
n n

> Z |v§?+1|(g§fr _ g;?_l) + Zg;?_l (|U;?+1’ |vk+1|)
; =
|v’““|gn g g = —lvsgs-

Hence,
S Dalaful ™ gt s} e
= ZDA;;: (gyv; " )sgn(v; ™) A$+ZDAx 5= 97) W) sen(vi AT (g 947y
7=1
> ZDM 5= g5) a5t sen(vf ) A — [ g

Furthermore, we have

Z (mEuk ! — bk sen(vFh) Ax
- ka|vk+1]Ax+Z ) @5 sgn(vith A (1.2.18)

> Z (m} —mb) @i sgn(vf ) A,

J J
J=1

By (1.2.16)-(1.2.18), we obtain

[l — [lv* -

i~ < _ZDEZ‘ ((g —g]) k+1) sgn( kH)A:E
i (1.2.19)

=57 (mh — k) @b sgn(oh T A + [0 g8
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On the other hand, upon manipulation we have

~

= [g(z;,Q%) — g(x;—1, Q% )] — lg(x;, @f) — g(z;-1, Q)]

= [ 1 o(ray + (1= 1)z, rQY + (1= r)QY_))dr Ax

/01 Go(re; + (1 —7)aj1, Q% + (1 — 1)Q%_))dr m}
+ [/01 go(ra; + (1= r)a; 1, rQf + (1 = r)Qf_,)dr (QF — Q)
_/Ong(mj + (1= )y, rQF + (1= 1)QF)dr (QF — )}

[ (@) [rQE ~ B + (1= 1)@, — O8] dr a
+/019QQ(@7@3-) (@5 = Q) + (1= (@, = Q)] dr (@ = Dwyulbsa
+/019Q(zj,r©§+(1—r) _)dr (o — Dwjuk A,

where 7; = ra; + (1 — r)z;—1, Q; and ij are both between rQ% + (1 — r)Q¥_, and

T@? + (1 - 7") 1. Clearly,

Z DAw — gj f“) sgn(v k+1)Am

n

= YDA, (9 - 9F) sen(h ) Aa

j=1

—l—ng(xj,@) ( Qk) ( k+1) sgn(v k+1)Ax’



23

where Q) is between Qf and @;“ Hence, there exist positive constants ¢; and ¢, such that

_ZDAx _ gj) k+1) sgn (v k—i—l)AI

n

IN

55Dy, (95 — 37) 1D0a + Jnax ge(w, Q) max Q5 — Q51 1 D3, (@ )]s
1 b

Jj=
(1= @ floe max |go(z, Q) 0"l

+ Tan T 5 b — A’?
|t Hl(x%f)igp\g o7, Q)| maXIQJ Q5|

+(1 = ) |wlleolu* o[ @ |l max lgoq(z, Q)] max|Q5 — (]

+ max |90(z, QI P, (@ Tl max |QF — Qs

< c|[vf]li + e mjaX\Qf - Q"

IN

(1.2.20)

where D = {(@,Q) | (2,Q) € [0.L] [0, Qs With Qe = maX{Quunes Quas} - Fur-
thermore, by (1.2.15) we have

RO 1 (gk — gb) Akt = (CF — OF) + Z e+ (85— 3 ko,
j=1
that is,

gkt = —90(0.Qy) (@5 - QF) ’f+1+2 Bivf Aa

+3 Bolw;, Q) (Q - QF) i sw + (CF - €,
j=1

where @j is between Q? and Q\f, j=0,1,...,n. Hence, there exists a positive constant
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c3 such that

gilus™ < max lgg(, Q) max|Qf — Q51 !l + wille* ]y
+ max |Bo(e, Q) max |QF — Qf ]l +|C* — C* (1.2.21)

< le'U ||1 + c3 mjax\Qf — Qﬂ + |Ck o ak|

On the other hand, we have

ke mky gkt O Ap = . 0. k_ Ok "“+1 k+1y A
Z (m] m]) ;" sgn(vf T ) A ZmQ(x],Q]) Qj — Q7 ) 4 sgn(v;T) Az,
j=1 j=1

where @j is between Qf and Q\;“ . Hence, there exists a positive constant ¢4 such that

zn: ( ) k+1sgn( k+1)A(£
j=1 (1.2.22)

< max |me(w, Q)| max |QF — QF] [|&* 1 < e max|QF — Qj].

Thus, by (1.2.19)-(1.2.22) we find

||Uk“||1 — ||Uk||1

At

S (Cl +W1)||’Uk||1 + |Ck — é\k' + (CQ +c3 + C4) IIlJaX |CQ;C — @ﬂ

< [(er + wi) + (€2 4¢3 + ca) [wlloo] |0 ]2 + [CF = C¥|,

since 0 < aw < 1 and

Qf Qk—azwv Az + Z wk A,

i=j+1

Choose a constant § > (¢ +wq) + (c2 + ¢3 + ¢4)||w]| . We then have

[ | A

At

< 3|0k, + |C* — C*,
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which yields (1.2.13). O

Next, we prove that the BV solution defined in Lemma 1.2.8 and Theorem 1.2.9 is

unique.

Theorem 1.2.11. Suppose that u and @ are bounded variation weak solutions of problem
(1.1.1) corresponding to the initial conditions ug and ty and the boundary conditions C

and 6, respectively, then there exist positive constants X and v such that
(e, ) = @ Dlly < Ae™ (Jfu:, 0) = @, 0)ll + 1€ = Cllesom )

Proof. Assume that ) and B are given Lipschitz continuous functions and consider the

following initial-boundary value problem:

w4 (g(x, Q(z,t))u), + m(z, Q(z,t))u = 0, (x,t) € (0,L] x (0,7
9(0,Q(0,1))u(0,t) = B(t), t e (0,T] (1.2.23)
u(x,0) = u’(z), z€[0,L)]

Since (1.2.23) is a linear problem with a local boundary condition, it has a unique weak
solution. In fact, a weak solution can be defined as a limit of the finite difference approx-
imation with the given numbers Q% = Q(x;, ;) and B¥ = B(t;), and the uniqueness can
be established by using a similar technique as in ([10], p. 282). In addition, from the
proof of Theorem 1.2.10, we can see that if {u}} and {a}} are solutions of the difference

scheme corresponding to given functions (Q%, B*) and (Af, BF), respectively, we have

[ — o]
At

< alletll + (e + e + ey max |QF — Q5| + B — BY|
Let p = ¢o + ¢3 + ¢4, then we have

[ < (14 M)l + pAtmax |QF — Q5| + B — B*|At.
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Equivalently,
k—1
¥l < u+@mmwm+§]ufﬂwﬁyﬂ%_m*ﬂm
=0
+ pAtmax Q7 — @?‘l‘il] :
J
Hence,
k—1
HUW1§(1+wnAﬂk[WPM—%EZ(pAtmmdQé—C%¢+|B’—l¥Mw>]. (1.2.24)
=0 J

From Theorem 1.2.9, we know that {Ua, ¢} and {ﬁAI,At} converge to u(z,t) and u(x,t)
strongly in C([0, T|; £1(0, L)), respectively, where u(z,t) and @(x,t) are the unique solu-

tions of (1.2.23) with the given functions (Q(z,t), B(t)) and (Q(z,t), B(t)), respectively.

Letting v(t) = u(-,t) — a(-,t) and taking the limit of (1.2.24), we obtain

W@héémhM®M+A<%$%@@@—@@@HﬂM$—3@O%I

(1.2.25)

By virtue of Lemma 1.2.8, the corresponding solutions of (1.2.23) satisfy

Q) = a /0 " w(©)ule. t)de + / w(E)ulE, 1)de,
B(t) = C(t) + / B(z, Q(a, ) u(x, t)d,

Q) =a [“wi@its.od + [ w0
mﬂ=&w+45@@uﬁmmwm.

)

Thus, we get

SM)@@ﬁ)—@@ﬁﬂﬁl’MOW@$—ﬂ@£WE§WMwW®N1

z€[0,L]
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and

IN
Q)

|C(s) = (S)|+/0 ﬁ(w,Q)IU(fB,S)—ﬁ(w,S)ldeJr/O Bo(, Q)] 1Q — Qli(w, s)da

< 1C0s) = CE)l +wnllo(o)lh + Liwlleo max [[fo(w, Q) llllexo.0y<omllvls)h-

Hence,

/ (p sup |Q(a,s) = Q. s)| +B(s) - é<s>\) ds

z€[0,L]

t
< (i ol + Lol 1900l il e~ooeory ) | To(o)lads
x, 0

+ /0 1C(s) — C(s)|ds

IN

t
o / lo(s)lhds + 1IC — E Lo,
0

where p; = w; + pl|w||s + Ll|w]|o e |Ba(z, Q)| [|1]] £20 ((0,)x (0,1))-

By (1.2.25) and the above inequality, we have

@l < e ([0(0) 1 + C = Cllerom) + e 1 /Ot [o(s)l[1ds.
Using Gronwall inequality, we find
lo(@)ll < exp(erT + e pit) ([[o(0) |1 + 1€ = Cllerom))-
Letting A = e and v = p;e“”, we obtain
(1) = i )l < A (-, 0) = a0} + 1€ ~ Cllesom)

which completes the proof. O
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Theorem 1.2.11 shows that the finite difference solution converges to the unique

bounded variation solution of (1.1.1).

1.3 Numerical results

In this section we assume that L = 1. Our first numerical result shows that the condition
gg < 0 is crucial for the global existence of solutions. In this example, we choose
u’(x) = 3exp(—10(xz — 0.01)?), @ = 0.2, w(z) = x and the parameters g, m, 5 and C as
follows:
9(2,Q) = 5(1 — 2)Qexp(~2Q), m(z,Q) = Q/(1+ Q).
B = 0.2z exp(—0.2Q), C(t) =0.

In this case go = 5(1 — z) exp(—2Q)(1 — 2Q)). Hence, go < 0 for @ > 0.5 and gg > 0
for @ € [0,0.5). In Figure 1.1 the 3-D dynamics of the solution is presented (where
Az = 0.01, At = 0.01 and T" = 1.5). In Figure 1.2 the function Ua,at(z,1.5) is
plotted for several values of Az and At. This figure indicates that a Dirac delta measure
is forming at x ~ 0.7 and T = 1.5. Hence, the weak solution only exists locally in
time. In fact, in [9] it was formally shown that if ¢ = @, m = 0, and a = 0, then
Q= fo u(zx, t)dz satisfies the famous Burger’s equation and hence becomes discontinuous
in a finite time 7" > 0. Clearly, each discontinuity in ) corresponds to a Dirac delta
measure in u. Therefore, to extend the solution beyond T, measure valued solutions
have to be considered. For completeness, we present in Figure 1.3 the 2-D distribution
Q(z,0) and Q(x,1.5) for the above example. Note that Q(x,1.5) is discontinuous at
x ~ 0.7. Furthermore, maxjy 1)x[0,1.5) @(z,t) = 0.4979 < 0.5.

In our second example, we test the performance of the finite difference scheme in
approximating the long-time behavior of solutions to (1.1.1). To this end, we choose

u’(z) = 3exp(—10(x — 0.5)?), o = 0.5, w(z) = 1, and the parameters g, m, 3 and C as
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Figure 1.1: The 3-D dynamics of the solution u(x,t).

— Ax=At=.01 — Ax=At=.005
80 80
60 60
o o
—
=40 240
=1 =1
20 20 jL
0 A 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
— Ax=At=.0025 — Ax=At=.00125
80 80
60 60
o o)
—
= 40 240
=1 =1
20 20 J
0 0 L

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 1.2: The 2-D distribution of the solution Uag ar at T = 1.5 for various values of
Az and At.
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Figure 1.3: The 2-D distribution of Q(z,0) and Q(z, 1.5).

follows:

9(z,Q)=1-2)3—2z+32* - Q), m(z,Q)=4+2Q+ 35(1—2)?
300

8= 131(1+$)(2—Q), C(t) =0.

One can easily verify that for this choice of parameters a nontrivial solution to the

steady-state problem

(9(z, Q(z))u( +m z, Q(z))u(r) =0

is u*(x) =1— .
Our numerical results presented in Figure 1.4 indicate that u(z,t) converges to u*(z)
in £! norm, and in Figure 1.5 we present u(x,20) which approximates the function u*(z)

(where Az = 0.01, At = 0.025 and T' = 20).



121 q

0.8 q

L norm

0.2 4
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t

Figure 1.4: The £' norm of Ua, a¢(z,t) — u*(x), t € [0,20]

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure 1.5: The graph of Ua, a¢(z, 20).
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Chapter 2

Parameter Estimation in a Coupled
System of Nonlinear Size-Structured
Populations

In this chapter, a least-squares technique is developed for identifying unknown parameters
in a coupled system of nonlinear size-structured populations. Convergence results for
the parameter estimation technique are established. Ample numerical simulations and

statistical evidence are provided to demonstrate the feasibility of this approach.
2.1 Introduction

A typical direct problem for structured populations is to use the knowledge of underlying
mechanism at individual level such as growth, mortality and reproduction rates to deduce
the behavior at population level. This approach has been extensively studied for many
kinds of models which include structured and non-structured populations. In practice,
however, our knowledge of the vital rates may be incomplete [31]. In fact, in many
animal and plant populations the processes at the individual level are not accessible to
direct observation [34]. For example, for nonlinear structured models the dependence
of reproduction and mortality rates on the total population is sometimes completely
unknown [29]. Even for linear structured models, one may not be able to obtain the
exact dependence of the vital rates on the age or size structure [31]. In these cases, one

resorts to an inverse problem approach, namely to use knowledge about the behavior
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at the population level (e.g, observations of total population numbers) to deduce the
underlying mechanisms at the individual level.

In recent years many researchers have focused their attention on developing method-
ologies for solving inverse problems governed by structured population models (e.g, [1]-
3], [12]-[17], [19]-[20], [22]-[28], [31]-[35]). In what follows, we briefly review some of the
recent work on such inverse problems. For age-structured population models, several
approaches have been developed to recover unknown individual vital rates. For exam-
ple, in [31, 33| a fixed point iterative technique was developed to determine the death
rate from census data on the age distribution of the population. Therein, conditions on
the data are given that lead to a unique solution. In [23] the authors formulated the
inverse problem as an operator equation and the least squares method is then used to
compute its solution. Due to the ill-posedness of the problem, a regularization technique
was considered. In addition, the authors prove that the resulting scheme has a conver-
gence rate of Holder type. However, no numerical results were reported. A least squares
approach was also adopted in [19] for a nonlinear age-structured population model to
estimate unknown coefficients from a set of fully discrete observations of the population.
Although the convergence of the computed minimizers to a minimizer of the least squares
problem was established and numerical results were presented, for many real populations
it is generally difficult to obtain discrete observations with respect to age, whereas other
quantities such as total population number are easily obtained. In [22] a model describ-
ing the evolution in time of size/age structured population was considered. A moving
finite element method was used to study the identification problem for such a model.
Convergence results for the parameter estimation technique were reported. In [27], by
writing a linear age-structured model using the cumulative formulation approach (see
e.g., [21]), the authors studied the inverse problem of identifying the birth and death
rates from data on the total population size and the cumulative number of births. They

also provided conditions on the data that guarantee the uniqueness of the solution to the
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inverse problem.

For size-structured population models, the least squares approach has been often used
for parameter identification. For example, it was used in [15, 16] to estimate the growth
rate distribution in a linear size-structured population model. A similar technique was
subsequently applied to a semilinear size-structured model in [28] where the mortality
rate depends on the total population due to competition. In [2] an inverse problem
governed by a phytoplankton aggregation model was studied. Convergence and numerical
results for identifying the coagulation kernel were provided. Later, this technique was
extended to identify parameters in a size-structured population model in [1, 3] where
all the individual vital rates (growth, mortality and reproduction) depend on the total
population level. Therein, these parameters are identified from a set of observations
corresponding to the total population number. A finite difference method was then used
to approximate the infinite dimensional problem. Convergence results for the computed
parameter estimates to the true parameter were established. To our knowledge, [3]was
the first paper to provide convergence results for parameter estimates when the growth
rate is a nonlinear function of the total population (i.e., the size-structured model is
represented by a quasilinear first order hyperbolic initial boundary value problem).

In this chapter we extend the discussion in [3] to the following coupled system of

quasilinear size-structured populations model:

uf + (g (z, P(t;q))u’)e +m!(z, P(t;q))u’ =0, (x,t) € (0, L] x (0,77,
N L
9" (0, P(t;q))u’(0,1; q) ZCI(t)JrZ/ VB (@, P(t; q))u (2, t; q)dx, t € (0,7,
J=1"0
ul(z,0;q) = u!2(z), z€l0,L].
(2.1.1)
Here ¢ = (¢',¢%,...,¢") with ¢ = (¢',m!,81,CT), I = 1,2,..., N, the parameters to
be identified. The function u!(z,t;q), I = 1,2,..., N, is the parameter-dependent size

density (number per unit size) of individuals in the /th population having size x at time
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t, and

P(t;q) = Z/o u’(x,t; q)dx (2.1.2)

J=1
is the total population at time t. The function g’ denotes the growth rate of an indi-
vidual in the /th population, m! denotes the mortality rate of an individual in the Ith
population, and 37 is the reproduction rate of an individual in the Ith population. The
function C! represents the inflow rate of the Ith population of zero-size individuals from
an external source (e.g., in a tree population model seeds moved by wind).

The model (2.1.1), which was developed by the authors in [4], is a generalization
of several size-structured population models (usually referred to as structured models
with rate distributions) which have been investigated in [14, 15, 16, 28]. Motivated
by the fact that, in addition to observable characteristics such as age or size of the
individuals, non-observable genetic characteristics may often play a crucial role in the
development of the individuals, researchers in [14] presented the first such generalization
of the classical Sinko-Streifer model. This model, which is a linear version of (2.1.1), has
vital individual rates that are independent of the total population and distributed over
an an infinite-dimensional admissible parameter space with a probability measure. It was
shown through numerical simulations in [14] that there is a crucial difference between the
dynamics of distributed rate size-structured population models and the classical Sinko-
Streifer models. In particular, the classical Sinko-Streifer model cannot have dispersion
of the density of the population in age or size except under biologically unreasonable
conditions on the growth rate [15]. That is why the classical Sinko-Streifer models are
in conflict with field data collected by experimental biologists. These data sets show
that a population with unimodal distribution evolves into a bimodal distribution (see
[14] and [30]). In [17] the authors used least squares approach to fit these distributed
rate models to data obtained in [14]. The resulting good fit indicates that the need for
such modification is crucial if these models were to be used as prediction tools.

In addition to extending the theory in [3] to the coupled quasilinear system (2.1.1), a
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main novelty of our current research is that we report on extensive numerical simulations.
These simulations are then used to obtain statistical results which provide solid evidence
on the feasibility of this approach. It is worth pointing out that with the exception of
[25] the above-mentioned articles do not report on any statistical studies.

By a weak solution to problem (2.1.1) we mean a bounded and measurable function

u(z, t;q) = (u'(x,t;q), u?(z,t;q), ..., uN (2, t; q)) satisfying

/L (x,t;q)p(x, t)dr — /L Lz, 0;9)o(z,0)dz
/ / ulps + g'ulp, — miulp)dz ds (2.1.3)
/ ©(0, s) (C’I + Z/ VI3 (2, P(s;q))u (x,s;q)dm) ds

fort € [0,T], [ =1,2,..., N, and every test function ¢ € C'([0, L] x [0,T]).

We first impose a condition on the initial data: for any I =1,2,..., N
(H1) «!° € BVI0, L] and u!°(x) > 0.

Then let B = H BT with BT = C*([0, L]; Cy[0, 00)) x Cy(2) x Cy(Q) x C[0,T], where
=1

=0, L] x [0, 00) and C(£2) denotes the space of uniformly bounded continuous functions

on €. We assume that our admissible parameter space Q' is a compact subset of B!

satisfying (H2)-(H5) below.

(H2) B!(z, P) is a nonnegative Lipschitz continuous function in x and P with a Lipschitz

constant L;. Furthermore, 3!(z, P) < w;, where w; is a positive constant.

(H3) m!(z, P) is a nonnegative Lipschitz continuous function in x and P with a Lipschitz

constant Ly. Furthermore, m!(x, P) < w,, where wy is a positive constant.

(H4) g'(z, P) is twice continuously differentiable with respect to z and satisfies |g (x, P)|+
|9l (x, P)|+|gl,(z, P)| < ws, where ws is a positive constant. Furthermore, g!(z, P) >
0forx € [0,L) and g’ (L, P) = 0, and ¢’ (x, P) and ¢ (z, P) are Lipschitz continuous

in P with a Lipschitz constant Ls.
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(H5) C1(t) is a nonnegative Lipschitz continuous function with a Lipschitz constant L.

Let Q = IZ_V[ Q', then Q is a compact subset of B.

Deperigilng on the values of the constants 0 < v/ < 1, the model (2.1.1) may have
two different interpretations. If v/ = 1 and v*/ = 0, I # J, the model represents
the dynamics of several populations competing for common resources. On the other
hand, if v/ > 0, I,J = 1,2,..., N, then the model may describe the dynamics of one
population consisting of N subpopulations, each with its own characteristics. Hence, 77/
represents the probability that an individual of the Jth subpopulation will reproduce an
individual of the Ith subpopulation. Therefore, two different ways for observing data will
be considered. These lead to the following two different least-squares functionals to be
minimized: The first one is based on the assumption that the model (2.1.1) describes N
different competing populations. Hence observations Z;; which correspond to the total
number of individuals in the /th population at time ¢; are assumed to be available (this

case corresponds to 41 = 1 and v/ = 0, T # J). We define the least-squares cost

functional for this case to be

2

L
log (/ u' (z,t; q)dr + 1) —log(Zr +1)| , (2.1.4)
0

OEDSS

which is minimized over (). The other case assumes that (2.1.1) models one species
which has been divided into N not readily distinguishable subpopulations. In this case,
we assume that we can only observe aggregate data Zj, the total number of individuals at
time ¢, (this case corresponds toy"/ > 0, I, J = 1,2,..., N). We define the least-squares

cost functional

, (2.1.5)

J@) =)

L
log <Z/ u' (2, ty; q)dr + 1> —log(Zy + 1)
— Jo

which is minimized over Q.

We remark that minimizing (2.1.4) over @ is equivalent to the maximum likelihood
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estimation of ¢ if

L
€1 = log </ ul(az,tk; q)dx + 1) —log(Z,+1)
0

are 1.i.d. normal, and minimizing (2.1.5) over @ is equivalent to the maximum likelihood

estimation of ¢ if

L
ex = log (Z/ u' (2, t; q)dw + 1) —log(Zy + 1)
0

I

are i.i.d. normal.

The remainder of this chapter is organized as follows. In Section 2.2, we present a finite
difference scheme for computing the solution of (2.1.1) and then provide convergence
results for the parameter estimation technique. In Section 2.3, we give ample numerical

and statistical results. Some concluding remarks are made in Section 2.4.

2.2 Approximation Scheme and Convergence The-
ory

The following notation will be used throughout this chapter: Az = L/n and At = T/1
denote the spatial and time mesh size, respectively. The mesh points are given by z; =
jAz,j =0,1,2,...,n and t, = kAt,k =0,1,2,...,l. We denote by ujl»’k(q) and P*(q)

the finite difference approximation of u!(z;,ty; q) and P(ty; q), respectively, and we let

9" = g"(z;, P*(q)), 8" = B'(x;, P¥(q)),

mi* =m!(x;, P*(q)), and O = C' ().
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We define the difference operator

and the ¢!, /> and the BV norms of u’* by
n
Ik . Lk 1.k o Lk N Ik
[l —Zluj Az, oo = max fuy™], - lu” ||Bv—Z|D )| Az

We then discretize the partial differential equation in (2.1.1) using the following implicit

finite difference approximation

S Y IkuI_ R O
J (th J (q)+ ;g (q)Az]_l i1 (Q)+mlk §k+1( )=0,1<j<n,
N n
Ik Ik+1 Jk Jk
9"y (g) = C”“rJZ 2" (@)D (2.2.1)
N
P (g) = 3 3wyt (g)Ax
I=1j=1

with the initial condition

1,0 L ~
u; :—/ u'(z)dr, j=1,2,...,n.
(-1 Az

If we define

At
d§’k:1+A—g] +Atmyt j=1,2,...n, I=12,...N,
X

then (2.2.1) can be equivalently written as the following system of linear equations for

- k k k k
@ (q) = [Ué’ ), w™ q), (), wg M (@), uP T (g), - w2 (),
T
k k n
up "M @),y (g, u)F (g) | € RNXOED

Ak (q) = f¥(q), (2.2.2)
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where

e = C““rZZv”ﬁ‘”“ M) Ae,u™(q), - uF(g),

J=1 j=1
C“+ZZW6“ Q) D, 2 (q), . u2(g),
J=1 j=1
T
CN"’+ZZWW (@) A, ud (g), .. ul R (g)
J=1 j=1

and A" is the following block diagonal matrix:

A% 00 ... 0
0 A% 0 ... 0
AP=1 0 0 4% ... 0
0 0 0 ... ANk

with the lower triangular matrix

g 0 0 - 0 0
—Btgtart 0o --- 0 0

ALk — 0 AL Lk gk 0 0
0 0 0 - —Rtgk, dit

Note that using the assumptions on our parameters one can easily show that equation
(2.2.2) has a unique solution satisfying #*1(q) >0, k=0,1,..., 1 — 1.

The above approximation can be extended to a family of functions {U ix, ar@,t;q)}
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defined by

Uix,At('r?t;Q) = uij(q) for (l’,t) € [xj—laxj) X [tk—htk)a

i=1,2,....n, k=1,2,....1, I=1,2,...,N.

(2.2.3)

Since our parameter set is infinite dimensional, a finite dimensional approximation of the
parameter space is also necessary for computing minimizers. To this end, we consider

the following finite-dimensional approximations of (2.1.4) and (2.1.5), respectively:

2

L
log (/ Uko.ne(, te; q)dz + 1) —log(Zr +1) (2.2.4)
0

Tneni(q) = Z Z
T &

and

2

VNOEDY . (225)

L
log (Z/ Upae(, ti; q)da + 1) —log(Zx + 1)
I 0

each of which is minimized over ());, a compact finite-dimensional approximation of
the parameter space (). In order to establish the convergence results for the parameter
estimation technique, we use a similar approach to that in [3], which is based on the
abstract theory in [18].

Theorem 2.2.1. Let ¢' = (¢"%,¢*",...,¢™") and suppose that for each I, ¢"* — q¢' in

Q" and Az;, At; — 0 as i — oo. Let

denote the solution of the finite difference scheme, and let

u(z,t;q) = (u(z, t;9),v*(z, t,q), ..., u" (z,t;q))
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be the unique weak solution of our problem with initial condition

and parameter q, then Ui%mi (x,t;¢") — ul(x,t;q) in L0, L) uniformly in t € [0,T].

Proof. Define uJ”” = ujlk(q’) From the fact that Q7 is compact and the results of [4],

there exist positive constants ci, co, c3, ¢4 such that for each I = 1,2,..., N, we have
I T I,s,i
Z [ut il < e, el < ca, [Jul® Az < ear — s),
I=1 j=1
where 7 > s. Thus, for each I there exists a BV ([0, L] x [0,T]) function @!(x,t) such

Ati

that UX,. a, (2. t:¢") — @' (2, t) in £'(0, L) uniformly in ¢. Hence, from the uniqueness
of bounded variation weak solutions stated in [4], we only need to show that u(z,t) =
(0 (x,t),0%(x,t), ..., 4" (x,t)) is the weak solution corresponding to the parameter q.
To this end, we multiply the first equation of (2.2.1) by <pk“ = @(zj,tp41), where p €
C'([0, L] x [0,T]), to obtain

Lk+174 k+1 Ikz k k+1 Lk, Ik+14 k+1 Lkg, Lk+1g k+1
uj QOJ QOJ B u[k;lgpj QOJ + g u] QOJ g] 1 uj 1 80] 1
(Pk—H SOk—l—l
Lk Lk+147] 7—1 Lkg Ik+1id k4+1
g7 usy B W +m; ;" =0.
[

Multiplying the above equality both sides by Az;At; and summing over 7 = 1,2,...,n,
kE=0,1,...,1—1, we find

- = s@’““ o
I I I
Z (u R} l 104 0) AZL‘Z Zzuj,kz 7 TiAg At
Jj=1 k=0 j=1 ti
-1 T ki ul kL 1 Ik Ik—i—lz k41
Z gy — 90
AZL'Z'
k=0
k+1 k+1

_ZZ Dy Lk A L B R NN +sz”“ Lk A g Ay = 0,

k=0 j5=1 k=0 j=1
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I

Since g% = 0 and ¢% — ¢! as i — oo in Q7 passing to the limit we have

L L
/ af (z,t)p(z, t)dr — / i’ (z,0)¢(x,0)dz
0 0
t oL
= / / (a1¢s+glﬂlnpx—mlﬂlgp) dz ds
0 Jo

+/0 ©(0, s) (CI(S) —|—Z/0 ’yl’JﬁJ(x,P(s))'&J(:c,s)dx> ds.

Thus, 4(z,t) is the weak solution corresponding to the parameter . O

Since the logarithm function is continuous on [1, 00), as an immediate consequence of

Theorem 2.2.1, we obtain the following:
Corollary 2.2.2. Let Up, ar denote the numerical solution of (2.2.1) with parameter
q¢" — q and Ax;, At; — 0. Then
Tnean (@) — T(q), asi— oo.
In the next theorem, we establish the continuity of the approximate cost functional,
so that the computational problem of finding approximate minimizer is well-posed.

Theorem 2.2.3. Let Az and At be fized. For each q' € Q', let U, a(2,t;q) de-
note the solution of the finite difference scheme, and ¢'* — q¢' as i — oo in QF, then

Uhpnt(@.t:¢") = Uk a2, t5q) as i — oo in L0, L) uniformly in t € [0,T).

Proof. Define {uj””} and {u;k} to be the solution of the finite difference scheme with

parameter ¢° and g, respectively. Let v]”“ = uﬁ’k’i —u]I-’k, then v;’k’i satisfies the following;:
pIkLi ki
J J — | 1. kyiy, Lk+10 I kY, Lk+1
-+ D [ My, PP — g (x, PP)uy ]
At w |97 @ PR g (@5, P (2.2.6)

+ml’i(l‘ja Pkyi),U]I"k—H’i + [ml’%mﬁ Pk’l) - ml(‘rﬁ Pk)} u§,k+1 =0,
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for 1 <j <n,and

g
N n ) ) X
= Cli(ty) = C'(te) + X2 22 M 8% (wy, PRy Ax (2.2.7)
J=1j=1
N n )
+ Z Z 717] [ﬁjﬂ(‘rja Pkﬂ) - ﬁJ(xja Pk)] uj’kAx,
J=1j=1

where PP denotes P*(¢’). Multiplying both sides of (2.2.6) by sgn(v;"*"")Az and

summing over 7 = 1,2,...,n, we obtain
H,Ul,k—i-l,i | — Hv[,k,inl
. At
Y i, Lk+1,i Ik+1 Ik+1,i
< - Zth [gl’ (zj, P* Ju; e g'(x;, Pk)uj + sgn (v; YA
]:
n 2.2.
— > mbi(x;, P*Y) v;’k+1’i Az (228)
j=1
— 21 [m”(xj, PRy —ml(z;, Pk)] u§’k+lsgn(vjl~’k+1’i)Ax.
]:
Using the fact for any a; with a; >0, j =0,1,2,...,n, we have
> " Dy (abj)sen(b;) Az > ap|ba| — aolbol,
j=1
we obtain
LR i N k41, Ik+1 Ik+1,i
—j; D, [gl’ (zj, P* )uj + —gl(xj,Pk)uj + ] sgn(vj YA
_ 21 - <g[,i(xj7 Pk,i)vj,k+1,i) Sgn(%{,kﬂ,i)Ax
]:
-2 Dy [((gf’i(fcj, Phi) — g (z;, P)) uﬁ-"““] sgn(v; ") Ax (2.2.9)
j:

IA

gI’i(O,Pk’iﬂvé’kH’i‘ + sup ’gI’i(xj,Pk’i) _ gI(:Uj,Pk)’ ”UI’kHHBV

1<j<n

+ sup Dy (g7 (s, P) — g (2, PP)) | (Iu"* oo + ([ ]1) -

1<j<n
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By (2.2.7), we have

9" (0, PP |ug™ |
< |g]’i(0, Pk,i) . gI(O, Pk)‘ u(I),k-i-l + ‘C«],z‘(tk) _ Cl(tk)‘

N . . . N
+wi Y (v + maxi<yeny sup |8 (x;, PR — 87 (x5, PR)| 2 [Ju* .
J=1

J=1 1<j<n
(2.2.10)

Summing (2.2.8) over [ =1,2,..., N, and using (2.2.9) and (2.2.10), we obtain

O Lkt N Lk
PN i PN ([ I
=1 =1

At

N
max sup |Dy (" (xj, P*') — g'(x;, PY))| (N max [Ju"* |+ Hul’k“Hl)
I=1

<
= 1<ISNi<j<n 1<I<N
Li(,. pkiy_ (. pk Ik+1
TN max sup [g" (g, PY) — g (g, P s lu™ sy
i iy T k Ik+1 i A
+N max [g"(0, P) = g'(0, PP)| max u"* oo + N miax O (1) — CF(8)]

N N
+N max sup |37 (x;, PP) = 87 (x5, Pl + Ny Y [0y
J=1 I=1

1sJ<N1<<n

N
o 2 [ e P = o PO

Noticing that

‘gl’i(l'j,Pk’i) _gl($j,Pk>‘

Y

< g™ (ay, PP = g" (@, PP)| + [ 9" (25, P*) = g" (25, PF)

we have from (H4) the following:

Li(,. pkiy__ I(.. k‘
@ggg\g (xj, P*') — g' (2, P)

N
< Ly Jo"™l+ max sup |g"(z;, P) — g' (2, P*)|
— <ISN 1<j<n
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Similarly, we can show that

max sup ‘ﬂ“(mJ,Pk’) ﬁl(:pj,Pk)‘

1<I<N 1<j<n

< Iy Z||v"m||1+ max sup ‘ﬁ“ (z, P*) — ﬁl(xj,Pk)|

and

Ii(,. phkiy__ . I/ k|
lrggﬁliggnlm H(xj, PM) —m! (z;, P*)

< Lo Il s, sup [ PR i, ).

1<IKN 1<j<n

Furthermore, straightforward computations yield

‘DI: [glﬂ(‘r]apkﬂ> _gl(‘xﬁpk)”
- |L /1i Lilray + (1 = r)a; P’“')dr—/li Lora; + (1 —r)wj_q, PF)dr
Az \ U, ard M- 0 ard i=b

1 1
gi’i(mj + (1= r)a;, PMdr — / go(ra; + (1 = r)aj_y, P*)dr
0

< / ‘g (re; + (1 —r)x;_ 1, PRy — gi’i(rxj—k(l—r)scj,l,Pk)‘dr

/ ‘g (re;+ (1 —r)xj_q, PF) — gi(r:vj + (1 —r)xj_1, Pk)| dr.

Hence, from (H4) we obtain

g, sup Dy [ s, P = g/ (2 P

< LY I+ e s [ o5, P gl P

I<ISN1<j<n
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where 7; = ra; + (1 —r)z;_;. Set

N N
o = Ls (N max ||u’ | + Z ]lul’k+1|\1> —i—NLlZ |lu* |1 4+ Nw;
=1

1<I<N
I=1

N
Ik+1 Lk+1 Z Lk+1
PV Es (g, I o g 1 )+ 2 52 4

and

1<I<N ISISN 1<j<n

N 1
Pri = (N max HUI”“HHooﬂLZHul’kﬂHl) max Sup/ gL (z5, P*) — gi(z;, PY)| dr
=1 0

Ik+1 Li(o pky _ I, pk
+N1gl[z%>§v|lu 3% 1152512}1;”@ (zj, P*) — ¢"(x;, P")|

+N max |Ju"*| max l9"(0, PF) — gI(O,Pk)‘ + N1I<nIE?§V |C1 (1) — O (t)|

1<I<N 1<I<N
N
Ik |I,z’4k_I'k‘
+N;Hu I max, sup |5%(;, PF) = 5"z, P¥)

N
Lk+1 | Li(,. pky__ . I(. pk |
+;||u h max, sup |m"(a;, P) —m(z;, P

Then, we have

N Lk+1, N Lk,
> ot = 32 ([0t N
I=1 I=1

Lk ‘
A7 S(SkZHU 1+ pri-

I=1

Since for each k, pr;, — 0 as ¢ — oo, the desired result easily follows from this inequality.

0

Theorem 2.2.4. Suppose that Qy; is a sequence of compact subsets of Q. Moreover,
assume that for each q € @), there exists a sequence of qyr € Qnr such that gy — q as
M — oo. Then the functional Jazar has a minimizer over Qur. Furthermore, if ¢y
denotes a minimizer of Jaz, at; over Qur and Ax;, At; — 0, then any subsequence of ¢,

has a further subsequence which converges to a minimizer of J .

Proof. The proof of this theorem is a direct application of the abstract theory in [18],
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based on the convergence of Jaz. a(¢") — T (q). O

2.3 Numerical Results

In this section, we present ample numerical simulations and statistical results. In all of
the simulations below we assume L =1, T =1, and C'(t) =0 for I = 1,2,..., N.

In subsections 3.1 and 3.2, we assume N = 1 and that all the parameters are known
except for 3. To estimate 3 we use data which are generated computationally as follows:

Let

u’(x) = 3exp(—2(x — 0.5)%), g(x, P) = 5(1 — x) exp(—3P),

m(z, P) = exp(4(x — 0.4)*) exp(0.2P), B(x, P) = 6x(1 — 1) exp(—3P),

1

and we solve (2.2.1) and (2.2.3) for Ua, ac(x,t). We set the data Z = (1—|—8k)/ Unant(x, ty)dz,
0

where € is a random sample from a normal random number generator with mean zero

and standard deviation o = 0.02.

2.3.1 1—D linear estimation problem for finite dimensional pa-
rameter space when N =1

In our first example we assume that [ is of a separable form given by ((z,P) =
b(x) exp(—3P), where b(x) = pz(l — 2”) with g and v two unknown constants to be
identified. Hence, the solution to our least-squares problems involves identifying the two

constants p and v from a compact subset of Ri so as to minimize the least-squares cost

functional

2

1
log (/ UAw,At(x7tk; Q)dl' + 1> - log(Zk + 1)
0

NE

ij,At(Q) -

=
Il

1
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In order to test the performance of the parameter-estimation technique when no
infinite dimensional effects are present, in Figure 2.1 we choose Az = At = 0.005 for
both generating the data and the numerical solution (2.2.3) in the least-squares problem.
This avoids the infinite-dimensional effect of the partial differential equation given in
(2.1.1). In fact, if the noise is removed from the data, and the parameters p and v are
known, then numerically solving our model produces the exact data.

In Figure 2.2 we use Az = At = 0.005 to generate the data while we use Az =
At = 0.01 for the numerical solution (2.2.3) in the least-squares problem. Thus, in this
case the data are not exactly attained by our model even if the noise is removed (an
error is present due to the finite-dimensional approximation of our infinite-dimensional
model). The results of Figure 2.2 are obtained by using the same values for the rest of
the parameters as those of Figure 2.1.

A similar format for presenting the results of 1000 inverse problem calculations was
used in Figure 2.1 and 2.2. The left part of each of the figures represents the S (for
our case S = 1000) numerical results for the estimated parameter b*(z) (s = 1,2,...,5)
versus the exact b(z), where these 1000 distinct numerical results graphed were obtained
by solving 1000 inverse problems, each of which corresponds to a given noise sample {¢}.
The right part represents the figure of the corresponding 95% confidence interval (dashed
line) versus the exact b(z) (solid line), where the 95% confidence interval is obtained by
choosing the band between the upper 2.5% and lower 2.5% of these 1000 numerical
results. Table 1 provides statistical results for the corresponding graphs, where AB(z) =
%é(bs(x) — b(z)) denotes the average bias for all approximations at z, RAB(z) =

100A£X) denotes the relative average bias for all approximations at x and SE(z) =
1

1 S 3
-1 (b%(z) — b(z) — AB(x))?| denotes the standard error at the point z.
- s=1

Although the estimates in both figures are good, the results in Figures 2.1-2.2 and

Table 2.1 suggest that infinite-dimensional effects can lead to a slightly under biased

estimator. We suspect that this bias depends on the choice of the numerical scheme
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used for solving the infinite-dimensional partial differential equation model. Here we
are using an upwind scheme for approximating the model and a right-hand sum for
approximating all the integrals involved. This biased estimator may be improved if, for
example, a centered finite difference approximation is used together with a trapezoidal

rule for integration.

approximate
-+ exact
16 ] 16F

14 B 14f

12t . . 1 12

08l . . B 08l
06 : : , 06
04t , 04t

02t /" © 02F

Figure 2.1: Az = At = 0.005 to generate the data and solve the least-squares. For the
left part of the figure, each of the grey lines (....) denotes a distinct result for a given
sample {¢}.
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X X

Figure 2.2: Ax = At = 0.005 to generate the data and Ax = At = 0.01 to solve the
least-squares. For the left part of the figure, each of the grey lines (....) denotes a distinct
result for a given sample {e}.

The above statistical results (essentially on how measurement error affects estimates)

are based on a large number of numerical simulations (somewhat in the spirit of Bayesian
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r | AB(z) | RAB(x) | SE(x) || = | AB(z) | RAB(x) | SE(x)
0.1]-0.0037 | -0.6870 | 0.0749 || 0.1 | -0.0390 | -7.2314 | 0.0747
0.2 ]-0.0092 | -0.9580 | 0.0993 || 0.2 | -0.0651 | -6.7812 | 0.1053
0.3 | -0.0107 | -0.8463 | 0.0975 || 0.3 | -0.0768 | -6.0949 | 0.1130
0.4 ] -0.0079 | -0.5497 | 0.0860 || 0.4 | -0.0763 | -5.2995 | 0.1124
0.5 ] -0.0021 | -0.1427 | 0.0798 || 0.5 | -0.0666 | -4.4422 | 0.1138
0.6 | 0.0049 | 0.3378 | 0.0852 || 0.6 | -0.0511 | -3.5460 | 0.1188
0.7 ] 0.0110 | 0.8707 | 0.0926 || 0.7 | -0.0331 | -2.6236 | 0.1202
0.8 0.0138 | 1.4425 | 0.0882 || 0.8 | -0.0162 | -1.6830 | 0.1075
0.9 | 0.0110 | 2.0444 | 0.0605 || 0.9 | -0.0039 | -0.7294 | 0.0706

Table 2.1: Left and right tables are statistical results for Figure 2.1 and Figure 2.2,
respectively.

based MCMC calculations used to estimate means and variances in a probabilty distribu-
tion from ”experimental” data). Any estimate of model parameters from data can also
be accompanied by an estimate of uncertainty using standard regression formulations
from statistics [36]. Thus, in the remaining part of this subsection, we present a statis-
tical based method to actually compute the variance in the estimated model parameters
q=(p, v).

To perform this analysis, we need to compute the sensitivity matrix

Pu(ti;q) Py (t139)
1+P(t1;9)  1+P(t139)
Py (t2;q) Py (t2;9)
X(Q) _ 1+P(t2;q) 1+P(t2;q) ‘ (231)

Pu(tm;q) Py (tm3q)
L 1+P(tm§Q) 1+P(tm§Q) .

Note that we cannot compute P(t;q), P,(t;q) and P,(t;q) directly from our model.
Therefore, we use the difference scheme (2.2.1) to obtain the following approximation of
P(t;q): 1

ﬁ(t;q):/o Unzat(x,t;q)dx.

Then we use a forward difference approximation for the derivative P,(t;¢) and P,(t;q)
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given by

~ 1 /~ .
Pu(t; p,v) = A (P(t; p+ Ap,v) — Pt p, V))

and

~ 1 /~ ~
Potia) = 5 (Pl v+ Av) = Plti ).

Substituting ﬁ(ti;q), ﬁﬂ(ti;q) and ﬁy(ti,q) for P(t;;q), P.(ti;q) and P,(t;;q) in (2.3.1),

respectively, we obtain the following approximation of X (q):

ﬁuA(tl?‘I) 131,/(\t1;q)
1+P(t1;q)  1+P(t130)
I3HA(t2;q) ﬁv/(\tQ;q)
)/(:(q) _ 1+P(t2;q)  1+P(t2;59)

ﬁpﬁtm;q) Py (tm3a)
L 1+P(tm;q)  1+P(tms;q)

Under standard assumptions of classical nonlinear regression theory, we know that if
& ~ N(0,0?%), where ¢; is the difference between observation and model at time ¢;, then
the least-squares estimate ¢* is expected to be asymptotically normally distributed. In

particular, for large samples, we may assume

¢ ~ Nlgo, o { X" (q0) X (q0)} '], (2.3.2)

where qq is the true vector of parameters and o2{ X7 (qo) X (qo)} ! is the true covariance
matrix (see [36], Chapter 2).
Since go and o2 are not available, we follow a standard statistical practice [5]: substi-

tute the computed estimate ¢* for ¢y and approximate o2 by

m

52— 1 3 <1og (ﬁ(tj; ) + 1) —log(Z; + 1))2 (2.3.3)

J=1
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in (2.3.2) to obtain the standard deviation for our estimates. In particular, if

o e | ViV
V=X (¢")X (¢} = :
Vor Voo
then we take y/Vi; and 1/V5 to be the standard deviation for parameters p and v,

respectively. The following two tables are the standard deviation of u and v for the

results of the first eight numerical simulations of Figure 2.1 and Figure 2.2, respectively.

| 1.1613 | 1.0494 | 1.0451 | 1.1109 | 1.0864 | 1.4684 | 1.1605 | 1.0512
v | 1.2124 | 0.3073 | 0.2999 | 0.2741 | 0.2701 | 1.5555 | 0.2482 | 0.2390

Table 2.2: Standard deviation for the results of the first 8 numerical simulations of Figure
2.1.

p| 1.7066 | 1.5636 | 1.6192 | 1.7974 | 1.6389 | 2.8009 | 1.8619 | 1.3893
v | 0.7716 | 0.3238 | 0.4838 | 0.1812 | 0.3426 | 2.8685 | 0.3828 | 0.4136

Table 2.3: Standard deviation for the results of the first 8 numerical simulations of Figure
2.2.

Table 2.4 provide the average standard deviation of p and v for the results of all
the 1000 numerical simulations of Figure 2.1 and Figure 2.2, respectively. We note that
in most practical situations using experimental data, one does not expect to have 1000
experiments performed. But the above procedures will produce estimates of variances

even in the case when one has only one data set!

Figure 1 | Figure 2
w| 1.1921 1.9197
v | 0.4566 0.8572

Table 2.4: Average of standard deviation for all the results of the numerical simulations
of Figures 2.1-2.2.
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2.3.2 1 — D linear estimation problem for infinite dimensional
parameter space when N =1
In this example, we assume that /3 is of a separable form given by 3(x, P) = b(x) exp(—3P),

where b(x) is an unknown parameter that we want to identify.

Let
D= {f €Cl0,1]: |f(x) - [(y)| < Kle —yl, F(0) = F(1) = O},

Choose the parameter space () = D. Clearly, by Arzela-Ascoli Theorem [37] @ is compact
in C[0, 1]. We approximate the infinite dimensional parameter space as follows: For M a

positive integer and b € @), we set

M-1 .
(Zasb) (z Zb( >¢Ma;o1)
=1

where ¢%,(z;0,1) are the linear spline functions on a uniform mesh of the interval [0, 1].

These are defined by

B Szs
Su(@0,1) =9 14+i—2 ih<a<(i+1h i=1,2...,M-1,
0, |x —ih| > h,

where h = ﬁ It can be readily argued that ]\/1[15)1100 Zyb = b in C|0, 1], uniformly in b [8].

Hence, if by € Qu = Iy (Q) is given by

M-1
T) = Niy¢hy(2:0,1),
=1

then the solution of our finite dimensional identification problem involves identifying
the M — 1 coefficients {\y, }2* from a compact subset of RY~! so as to minimize the
least-squares cost functional (2.2.4).

In order to indirectly implement the compactness constraints of (), we use a regular-
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ized least squares cost functional of the form

2 2

d dx,

1

m 1
Tavanla) =3 o8 ([ Vsl iz +1) = tog(Ze-+
0

k=1

where o > 0 is the regularization parameter.

The left part of each of the following figures again represents the S (=1000) numerical
results of the estimated parameter versus the exact parameter b(x). The right part rep-
resents the figure of the corresponding 95% confidence interval (dashed line) versus the

exact b(x) (solid line). The tables provide statistical results for the corresponding graphs.

Effect of infinite-dimensional model on parameter estimate.

In Figure 2.3 we use Az = 0.005 and At = 0.005 to generate the data and the numer-
ical solution (2.2.3) for the least-squares problem. This removes the infinite-dimensional
effect of the partial differential equation given by (2.1.1). However, in Figure 2.4 we use
Az = At = 0.005 to generate the data and Az = At = 0.01 to compute (2.2.3). Thus, in
this case the data are not exactly attained by our model even if the noise is removed. We
observe that while the estimates in both figures are good, the results in Figures 2.3-2.4
and Table 2.5 suggest that infinite-dimensional effects can lead to a slightly under biased

estimator.

Effect of reqularization parameter o on parameter estimate.

In Figures 2.5 and 2.6 we change the parameter o while keeping the rest fixed. Clearly,
low regularization parameter leads to relatively bad estimates although the estimator in
this case seems to be the least biased (see Figure 2.5 and left part of Table 2.6). Increasing
the value of a leads to better parameter estimates, but the estimator becomes more under

biased (see Figure 2.6 and right part of Table 2.6). If this value is increased more, the
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Figure 2.3: M = 10, a = 3e — 5. Each of the grey lines (....)
denotes a distinct result for a given sample {e}.
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of the left part of the figure

r | AB(z) | RAB(x) | SE(x) || = | AB(z) | RAB(x) | SE(x)
0.1 ]-0.0778 | -14.4108 | 0.0723 || 0.1 | -0.1236 | -22.8940 | 0.0667
0.2 | -0.0816 | -8.5015 | 0.1070 || 0.2 | -0.1571 | -16.3628 | 0.1040
0.3 | -0.0400 | -3.1727 | 0.1012 || 0.3 | -0.1284 | -10.1885 | 0.1141
0.4 ] 0.0110 | 0.7636 | 0.0834 || 0.4 | -0.0785 | -5.4485 | 0.1130
0.5 ] 0.0386 | 2.5745 | 0.0818 || 0.5 | -0.0440 | -2.9329 | 0.1110
0.6 | 0.0283 | 1.9621 | 0.0868 || 0.6 | -0.0446 | -3.0966 | 0.1049
0.7 1-0.0124 | -0.9880 | 0.0779 || 0.7 | -0.0754 | -5.9875 | 0.0885
0.8 | -0.0559 | -5.8206 | 0.0556 || 0.8 | -0.1059 | -11.0334 | 0.0624
0.9 | -0.0623 | -11.5426 | 0.0280 || 0.9 | -0.0939 | -17.3949 | 0.0323

Table 2.5: Left and right tables are statistical results for Figure 2.3 and Figure 2.4,

respectively.
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Figure 2.4: M =10, a = 3e — 5. Each of the grey lines (....) of the left part of the figure

denotes a distinct result for a given sample {¢;}.
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estimator is more biased. Also the parameter estimate becomes worse than before. This

suggests, not surprisingly, that there is an optimal choice for the parameter o which

produces the best results for the parameter estimates.

2

181
161
141
12r

o i
08
061
041

02F 4"

o

L L
0 0.1 0.2

Figure 2.5: M = 10, a = le — 5. Each of the grey lines (....)
denotes a distinct result for a given sample {¢;}.
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of the left part of the figure

r | AB(z) | RAB(z) | SE(z) || « | AB(z) | RAB(x) | SE(x)
0.1]-0.1277 | -23.6389 | 0.1206 || 0.1 | -0.1241 | -22.9816 | 0.0506
0.2 | -0.1648 | -17.1644 | 0.1791 || 0.2 | -0.1621 | -16.8881 | 0.0842
0.3 ]-0.1284 | -10.1938 | 0.1618 || 0.3 | -0.1432 | -11.3627 | 0.1011
0.4 |-0.0599 | -4.1591 | 0.1221 || 0.4 | -0.1050 | -7.2906 | 0.1078
0.5 | -0.0072 | -0.4806 | 0.1169 || 0.5 | -0.0791 | -5.2736 | 0.1087
0.6 | 0.0026 | 0.1788 | 0.1274 || 0.6 | -0.0837 | -5.8139 | 0.1009
0.7 1-0.0253 | -2.0101 | 0.1126 || 0.7 | -0.1077 | -8.5443 | 0.0847
0.8 1 -0.0631 | -6.5678 | 0.0780 || 0.8 | -0.1288 | -13.4165 | 0.0602
0.9 | -0.0642 | -11.8944 | 0.0427 || 0.9 | -0.1042 | -19.3027 | 0.0313
Table 2.6: Left and right tables are statistical results for Figure 2.5 and Figure 2.6,
respectively.
2.3.3 1 — D linear estimation problem for infinite dimensional

parameter space when N = 2

In this section, we assume N = 2 and that all the parameters are known except for 3

and 32. To estimate 3! and (3%, we assume that they are of a separable form given by
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Figure 2.6: M = 10, a = 5e — 5. Each of the grey lines (....) of the left part of the figure
denotes a distinct result for a given sample {e}.

Bz, P) = b (x) exp(—P) and 3*(x, P) = b*(x) exp(—P), respectively, where b'(z) and
b*(z) are unknown parameters to be identified. To estimate b'(z) and b?(x), we use data

1, I=J
which are generated computationally as follows: Let v/ = for Figure

0, I+J
2.7 and /7 = 0.5, I,J = 1,2 for Figure 2.8, u’*(z) = 3exp(—2(z — 0.1)?), and for the

parameters ¢/, m! and 3’ we use the following choice of functions:

g' =2(1 — z)exp(—0.8P), ¢*=(1—2)(1+2P)exp(—P),
m' = exp(2(z — 0.4)?) exp(0.2P), m?* = exp(2(x — 0.4)?) exp(0.2P),

B =6(1 —2)zexp(—P), 3 =6(1—x)rexp(=5(x — 0.5)%)exp(—P),

1
and solve (2.1.1) for Ux, a,(z,t), I = 1,2. We set the data Z; = (1+€1,k)/ Uhpni(2, ) der,
0

I = 1,2 for Figure 2.7 and Z; = (1 + &) 22: /lUi%At(x,tk)dx for Figure 2.8, where ¢/
and € both are the random sample from I; ;oimal random number generator with mean
zero and standard deviation o = 0.02.

We choose the parameter space @) = D x D. Clearly, @ is compact in C|0, 1] x C[0, 1].

We approximate the infinite dimensional parameter space as follows: For My, M, positive
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integers and any (b, bs) € @), we set

My—1 .
7 .
(Zar,b7) () = Z b’ (M) v, (2:0,1),  J=1,2.
i=1

Clearly, Mlim T, b” = b7 in C[0,1], uniformly in b7, J = 1,2. Hence, if bj; € Qu, =
J—00

I, (Q) is given by

Mjy—1

bar, () = > Ay dhy, (2:0,1), T =12,
=1

then the solution of our finite dimensional identification problem involves identifying
the M; + My — 2 coefficients {)\}(}[iJ }f‘i{_fjl from a compact subset of RY1 272 50 as to
minimize the least-squares cost functional (2.2.4) or (2.2.5).

In order to indirectly implement the compactness constraints of (), we still use the

regularized least-squares cost functional. For Figure 2.7 we use the form
1 2
jALAt (Q) - Z

0

I=1

2 1
-I—ZCYI/
I=1 0

2 m
=1 k=

1

log (/ Ui%m(a:,tk; q)dx + 1) —log(Z, +1)

2

d
%bfm(x) dz,

and for Figure 2.8 we use the form

2

Tneni(q) = Z

m
k=1

2 1
—i—ZaI/
=1 0

2 1
=170

2

dx,

d
%bfw, (z)

where ay > 0, I = 1,2 are the regularization parameters and m = 100 for Figures 2.7
and 2.8.
In the rest of our simulations we use Ax = At = 0.005 to generate the data and

Ax = At = 0.01 to solve the least-squares. Thus, in these cases the data are not exactly
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attained by our model even if the noise is removed.

The upper-left part and the lower-left part of the following two figures represent the
S (=1000) numerical results of the estimated parameters by, (x) and b3, () versus the
exact parameters b!(x) and b%(z), respectively. The upper-right part and the lower right
part represent the figures of the corresponding 95% confidence interval (dashed line)
versus the exact b'(z) and b?(z) (solid line), respectively. The tables provide statistical
results for the corresponding graphs.

Note that the results in Figure 2.7 and Table 2.7 are slightly better than those in
Figure 2.8 and Table 2.8. This is expected since in Figure 2.7 we are sampling data for
each of the two populations, which provides more information than sampling the sum of
the two populations only, as is the case in Figure 2.8. Also note that in both of these

figures we let M = M; = M, = 10.

2 T T
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0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
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Figure 2.7: M = 10, a; = 5e — 5, as = 5e — 5. Each of the grey lines (....) of the left
part of the figure denotes a distinct result for a given sample {er}.



x | AB(xz) | RAB(z) | SE(z) || = | AB(z) | RAB(x) | SE(x)
0.1]-0.0187 | -3.4717 | 0.0880 || 0.1 | 0.1684 | 69.4034 | 0.0959
0.2 | -0.0004 | -0.0447 | 0.1276 || 0.2 | 0.1628 | 26.5887 | 0.1528
0.3 | 0.0334 | 2.6514 | 0.1053 || 0.3 | 0.0487 | 4.7244 | 0.1483
0.4 ] 0.0562 | 3.9007 | 0.0493 || 0.4 | -0.0728 | -5.3114 | 0.0946
0.5 ] 0.0449 | 2.9941 | 0.0548 || 0.5 | -0.1134 | -7.5604 | 0.0464
0.6 | -0.0040 | -0.2805 | 0.0860 || 0.6 | -0.0437 | -3.1871 | 0.0860
0.7 1 -0.0683 | -5.4239 | 0.0836 || 0.7 | 0.0931 | 9.0282 | 0.1053
0.8 | -0.1101 | -11.4644 | 0.0576 || 0.8 | 0.2039 | 33.3052 | 0.0819
0.9 1 -0.0929 | -17.2091 | 0.0272 || 0.9 | 0.1954 | 80.5164 | 0.0402
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Table 2.7: Left and right tables are statistical results of b'(z) and b*(z) for Figure 2.7,

respectively.
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r | AB(z) | RAB(x) | SE(x) || = | AB(z) | RAB(x) | SE(x)
0.1]-0.0687 | -12.7279 | 0.0765 || 0.1 | 0.1926 | 79.3867 | 0.1066
0.2 ]-0.0790 | -8.2334 | 0.1096 || 0.2 | 0.2106 | 34.4018 | 0.1757
0.3 | -0.0572 | -4.5419 | 0.0891 || 0.3 | 0.1187 | 11.5041 | 0.1784
0.4 ]-0.0402 | -2.7920 | 0.0435 || 0.4 | 0.0178 | 1.2960 | 0.1208
0.5 | -0.0537 | -3.5800 | 0.0588 || 0.5 | -0.0069 | -0.4598 | 0.0549
0.6 | -0.0980 | -6.8075 | 0.0871 || 0.6 | 0.0665 | 4.8565 | 0.0915
0.7 1-0.1490 | -11.8273 | 0.0846 || 0.7 | 0.1889 | 18.3112 | 0.1157
0.8 1-0.1694 | -17.6443 | 0.0596 || 0.8 | 0.2704 | 44.1765 | 0.0915
0.9 | -0.1255 | -23.2483 | 0.0296 || 0.9 | 0.2239 | 92.2680 | 0.0459

Table 2.8: Left and right tables are statistical results of b'(z) and b*(z) for Figure 2.8,
respectively.

2.4 Concluding Remarks

In this paper we have developed a numerical technique for identifying unknown parame-
ters in a general size-structured population model. A main focus of this chapter is on the
statistical study of the parameter estimation technique. This was done via thousands of
numerical experiments.

Several conclusions can be drawn from our studies. 1) The method discussed above
seems to perform well and produce good confidence intervals for the parameters. 2)
When the infinite dimensional effects of the model and the parameter space are removed,
the resulting numerical and statistical values suggest that the least-squares technique
produces very good unbiased parameter estimates. 3) The type of numerical scheme
used for approximating the infinite-dimensional model as well as the parameter space
may influence the bias in the parameter estimation technique. 4) The commonly used
regularization term is crucial for enforcing compactness and obtaining better estimates.
However, it may also introduce more bias in the estimator.

We note in closing that the system (2.1.1) investigated in this paper is a special case
of the measure dependent aggregate dynamics problems formulated in [6] wherein indi-
vidual (uncoupled) dynamics are not available. Inverse problems for such systems have

been investigated in a number of applications including cellular level HIV modelling [7],
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hysteresis in viscoelastic materials [8, 9], shear waves in biotissue [10], and electromag-
netic interrogation in complex materials [11]. In a more general formulation (currently
under investigation by the authors), one has a probability distribution F' of individual
parameters ¢(x, P) = q¢ = (g, m,3,C) on an admissible set ). The system (2.1.1) is
replaced by a continuum of systems for u(x,t; ¢(x, P)) with the total population P(t; F)

given by

Per) - [ Ji Lu(x,t;qm} i) - [ | Lu(axtq)czx} F(a)dg

the latter equality holding if I’ has a density f. The aggregate dynamics for u depend
explicitly on F' through the dependence of the individual rate parameters (g, m, 3,C) on
the total population P.
If F is a discrete measure with N atoms at ¢’ of mass f;, then we have
L
0

N
Pt F) = ij/ u(z, t;q”)dz.
J=1

Moreover, if F' is uniformly and discretely distributed (f; = =), this becomes

1L L
PR = Y [ ulwtiq’)d
J=170

which is simply a scaled (by <) version of (2.1.2). Of course, even in this simple case,
the system does not decouple. (i.e., individual dynamics are not available). This will
be the case anytime the individual parameters for subpopulations depend on the total
population. It is also clear that inverse problems with such measure dependent dynamics
are a generalized version of the estimation problems discussed in the statistical literature

in the context of hierarchial modelling [36].
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Chapter 3

On a Nonlinear Size-Structured
Phytoplankton-Zooplankton
Aggregation Model

We consider a coupled system of nonlinear size-structured phytoplankton population and

zooplankton population. We develop a comparison principle and construct monotone

sequences to show the existence of the solution. The uniqueness of the solution is also

established.

3.1 Introduction

In this chapter, we consider the following initial boundary value problem that describes

the dynamics of coupled size-structured phytoplankton—zooplankton system

ur+ (g1(@, ulz, 8))e + mu (2,1, 9%, ¢%) :2f0 Ju(z —y, t)u(y, t)dy
— 58 SEt)(,t)dy 0<zr<o00,0<t<T

ze + (go(z, ) 2(2, 1)) 0 + ma(x, t, 0%, 0*)z(x,t) =0 0<x<o00,0<t<T
g1(0, )u(0,8) = [ n(y,t, 0" @ )uly,t)dy 0 <t <T
92(0,8)2(0,1) = [~ 72y, t, 9", ¢%)2(y, t)dy 0 <t <T

u(z, (

0) =up(z) 0<zx<o0
2(2,0) = 20(z) 0 <z <o,

(3.1.1)
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where

go“:/ u(z,t)dr and cpZ:/ 2(x,t)dz.
0 0

Here u(z,t) and z(z,t) are the density of aggregates having size x at time ¢ of phyto-
plankton population and zooplankton population, respectively. The function ((z,y) is
the rate at which particles of size x coagulate with particles of size y. The functions
g1 and gy denote the growth rate of an aggregate in the phytoplankton population and
zooplankton population, respectively. The functions m; and msy denote the mortality
rate of an aggregate in the phytoplankton population and zooplankton population, re-
spectively. The function v, and 7, are the number of single cells that fall off an aggregate
of size x and join the single cell population of phytoplankton population and zooplankton
population, respectively. The first integral term on the right side of (3.1.1) expresses the
rate at which collisions occur to form new particles in the size interval (x, z 4 dz), while
the second term represents the rate at which such collisions cause these particles to be
lost from the same interval. The third and forth integral term represent the addition
of new born single cells to the single cell phytoplankton population and zooplankton
population,respectively.

There is a growing literature on investigating the aggregation model of phytoplankton
cells. In [2], the inverse problem of identifying the compactly supported coagulation
kernel with ¢ = 0, m = 0 and 7y = 0 was studied. In [3] the inverse problem of identifying
parameters in the model discussed in [5] from observed data was investigated. In addition,
four common methods are used in the literature to establish the existence-uniqueness for
its certain case. One is the semigroups of linear operators theoretic approach, which is
used in [9, 10] to deal with the case of a bounded coagulation kernel with g =0, m =0
and 7 = 0, and is also used in [5] to deal with the case of a bounded domain and a

compactly supported coagulation kernel with m = 0 and v = (y). The second approach
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is evolution operators theory, which is used in [11] to extend those results in [9, 10] to a
time-dependent coagulation kernel. The third approach is finite difference scheme used
in [4]. The last approach is the monotone method, which is used in [1] for the case of
infinite domain for the particle size, v = v(y,t) and m = 0.

The goal of this chapter is to extend the results in [1] for a coupled size-structured
phytoplankton—zooplankton system with the parameters m and + both being depending
on the total population. Techniques in the spirit of those in [1] are used to establish the
comparison principle and obtain the existence of the solution. To our knowledge, results
on the existence and uniqueness for this kind of coupled system with quasilinear case
given in (3.1.1) are not available in the literature.

The remainder of this chapter is organized as follows. In Section 3.2, we define a pair
of coupled upper and lower solutions and establish a comparison principle. In Section 3.3,
we construct two monotone sequences of upper and lower solutions, and then show the
existence of the solution of problem (3.1.1). In Section 3.4, we establish the uniqueness

of the solution, and we also show that this local solution is a global one.

3.2 Comparison Principle

For convenience, we use || ||o to denote the supreme of a function in its domain through-
out this chapter. In order to carry out our programme, the following conditions will be

imposed:

(H1) uo(z) and zp(z) are non-negative function on [0,00), and ugy, z € L'(0,00) N

L>(0, c0).
(H2) (B(z,y) is a continuous, non-negative function on [0, 00) x [0, 00) with [|3]|o < 0.

(H3) my(z,t, 9", ¢*) is a bounded and non-negative function on [0,00) x [0,T]. We

further assumed that m;(z,t, ", ¢*) is continuously differentiable with respect to
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" and @7, ||Mipu|lee < 00, and ||miy:||e < 0o for i = 1,2. We also assumed that

Mige > 0, M= > 0, Mage < 0 and moy,- > 0.

(H4) ~i(x,t,¢", ¢*) is a bounded and non-negative function on [0, 00) x [0, 7. We further
assumed that ;(z,t, ¢*, ¢*) is continuously differentiable with respect to ¢* and
©%, |Vigu|loo < 00, and [|7ipz||eo < 00 for i = 1,2. We also assumed that vy,. <0,

Y1p* < O7 Yopu > 0 and V2> < 0.

(H5) g¢i(z,t) is continuously differentiable on (0,00) x (0,7) with ||g1z]lcc < o0 and

llg2:||co < 00. Furthermore, g;(z,t) > 0 for (z,t) € [0,00)x[0,T] and lim, ., g;(z,t) =

0 for t € [0,T7.

For simplicity, let Dy = (0,00)x (0, T) and Cg ,.(Dr) = {¢ € C'(Dr) : there exists a constant

xy € (0,00) such that ¢» = 0 for x > x,,}. We then introduce the definition of coupled

upper and lower solutions of (3.1.1) as follows:

Definition 3.2.1. A pair of functions (u(z,t),z(z,t)) and (u(x,t), z(z,t)) are called an

upper and lower solution of (3.1.1) on Dy, respectively, if all the following hold:
(i) u,u,z, 2z € L°((0,T); L0, 00)).
(ii) @(z,0) > ug(x) > u(x,0), zZ(x,0) > zo(x) > z(x,0) a.e. in (0,00).
(iii) For every ¢t € (0,7T') and every non-negative &,7 € Cy,.(Dr), we have
Jo~ alz, )8 (x, t)dx

17 alz, )§($,0dx+f0 (0,9) f3° iz, s, ¢ ©2)u(z, s)dx ds
+f0 I &s(, 8) + gu(a, 8)€u(w, )] u(x, s)da ds (3.2.1)

&(
+3 fo fo (s fo Br — Ju(x —y, s)u(y, s)dy dx ds
_fo f() f(l’, 8) [f() ﬁ(fL‘,ZD ( )dy+m1($,3,(,0 w= )} (ZL‘ S)dI dS

v
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Jo~ u(w, )é(x, t)de
< 7wz, )f(x,Oda:—l—fO (0,9) f3° iz, s, 9", ©*)u(z, s)dx ds
+f0 fo Es(x, ) + qi(x, 5)&(x, 8)| u(x, s)dx ds (3.2.2)
+3 fo fo &(, s) fo Bx — Ju(z —y, s)u(y, s)dy dz ds
_fo fo §(z, s) Uo Bz, y)uly, s)dy +mi(x, s, 9", ¢ )] u(zx, s)dx ds,
Jo 2w, t)n(z, t)da
> % 2(2,0)n(x,0)dx + [30(0,8) [ y(x, s, 0% p2)2(x, s)dw ds (32.3)
+fo Iy ns(x, 8) + ga(, 8)ne (0, 5)] Z(, 5)dz ds
fo IS ma(z, s, 9", 02)z(x, s)n(x, s)dx ds,
and
Jo 2z, t)n(z, t)dx
<[ 2(,0)n(x, 0)da + [y 0(0,8) [ va(x, s, 0%, ¢7)2(x, s)dx ds 524

+f0 fo ns(x, 8) + g2(z, s)n.(z, )] 2(x, s)dx ds
fo fo ma(z, s, %, 0¥ )z(z, s)n(x, s)dx ds.

Definition 3.2.2. (u(z,t), 2(z,t)) is called a solution of (3.1.1) on Dy if (u, z) satisfies
(3.2.1) and (3.2.3) with “>” replaced by “=", and (@, Z) and (u, z) are both replaced by
(u, 2).

Theorem 3.2.1. Suppose that (H1)-(H5) hold. Let (u,Z) and (u,z) be the non-negative
upper solution and non-negative lower solution of (3.1.1), respectively. Then 4 > u and

zZ >z a.e inDp.

Proof. Let v = u—u and w = z—Z. Choose non-negative functions £ and n € Cg,.((0,n) x

(0,7)). Then v and w satisty v(x,0) < 0 and w(z,0) <0 a.e. in [0,00). By (3.2.1) and
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(3.2.2), we find

S v(a, t)e(x, t)de < [ v(x, 0)€(x, 0)da
+ 5 €00,8) J57 D, 5,07, 9o, 8) + (i, 8,9%, %) =yl s, 0%, 09))ulx, )] da ds
+ Jo Jo7 (s, 8) + gi(, 8)&n(, 8)] v(w, 8)dx ds

+3 o Jo~ Ela.s fo [ ( y,s)u(y, s) +v(x —y, s)u(y, s)] dy dz ds

— [3 [ e(x, s)o(x, s fo y, s)dy dads

+f0tf0°° xsfo (2, y)o(y, s)dy dz ds — [3 [ &(x, s)ma(z, s, ¢ )v(x, s)dzx ds
—Jo Ji" €, ) [ma(x, 5,07, %) = mu(a, s, 0%, %)) a(, s)da ds.

Rewriting some terms in the right side of the above equation, we obtain

LI =g, s) [ Bl —y,y) lulz — g, 8)0(y, ) + o(@ — y, s)aly, s)] dy dz ds
= 3 fot )y foof (x,8)B(x —y,y) [u(r —y,s)v(y, s) +v(r — vy, s)u(y, s)| dx dy ds

= %fotfooo fo (y+ z,9)0(z,y)u(z, s)dz dy ds
+1 fot Iy, s) [y €y + 2,9)8(z,y)v(z, s)dz dy ds,
fo IS &, s) [ma(z, s, 0", ¢7) —ma(x, s, %, o2)] Uz, s)dx ds
= -/ fo (, ) [M1gu (2, 5, 0, 97) (0" — %) + M (2, 5, % 0., ) (97 — 02)] alz, s)dz ds
- fo fo ,8)E(x, 8)mypu(w, 5,04, %) fooov s)dy dz ds
+J fo  $)E(T, S)mugs (2,5, 0%, 0,,) [ w(y, s)dy d ds,
and

Jo €00,9) [57 (. s,0%, ¢%) — (s, % p9)| alw, s)dz ds
=[5 600,9) [57 [11en (2, 5, 0, 97) (97 — %) +mz(1‘ 5,0 0:,) (97 — ¢9)] Uz, 5)dx ds
= —fo £00,8) J5% Yipu(®, 8,00, 7 )ulz, s) [;° v(y, s)dy dz ds

— [ €(0,8) [ 1 (5, 9%, 0, )alx, 5) [37 wly, s)dy dz ds,
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where 6,,, and 0, are both between ¢ and ¢, and 0, 0. are both between ¢* and

2y

©*. Note that £(z,0) > 0, and v(z,0) <0 a.e. in (0,00), we have

Jo vl gz, t)dr < f(f £00,9) J5 (s, 0", ©%)v(z, s)dx ds
L2 e, 8) + g (@, ) (@, 8)] v(x, 5)da ds

—Jo Iy~ €, s) U;’"ﬁ y, 5)dy +mi(z,5, 0%, )] v(w, s)da ds

o a(w, s) [ E(x, 8)B(x, y)uly, s)dy dr ds

+ Jo S e, 8) [=€00, ) g (5,00, 07) + E(, 8)magu (2,5, 00, %) [ 0y, 5)dy do ds
Ly fy (e, s) [—€0, 8) e (2, 5,9, 02) + E(@, 8)mags (2, 5, 9%, 0.,)] [ w(y, s)dy da ds
LI 20y, 8) [ €y + 2, 8)B(z, y)ulz, s)dz dy ds

H [ a(y, s) [0 E(y + 2, 8)B(2,y)v(z, s)dz dy ds.

(3.2.5)
By (3.2.3) and (3.2.4), we find

12w, (e, tyde < [ w(x, 0)n(x, 0)dx
+ Jom(0,8) [77 el s,0% @ w(x, s) + (va(x, 5, 0% 07) — 72(x, 5, 0%, 99)) 2w, )] da ds
L2 L2 sl ) + g(z, $)e(z, 8)] w(z, 8)dz ds
— J e n(w, s)yma(x, s, 0%, 97 )w(z, s)dz ds
— Jo S5 n(x,5) [malw, 5, 0% %) — ma(x, 5,0%, )] 2(x, 5)da ds.

Note that n(z,0) > 0, and w(z,0) <0 a.e. in (0,00) , we have

J5S we, (e, tyde < fyn(0, ) ;7 a(w, s, 0% 0 )w(w, s)dz ds
+Jo Jo~ 000, 8) 7200 (x, 5,01, 0%) = n(w, )magu(w, 5,6, o)) 2(x, 5) fooov(%s)dy dx ds
—l—fofo (0, 8)y2p: (2, 8, 9", 03) + n(x, s)mag=(x, 5,0", 04)] Z(2, 5) [;7 w(y, s)dy dz ds

—l—fo I ns(x, 8) + ga(, s)ne(, s)] w(z, s)da ds — fo I3 n(z, s)ma(x, s, %, o w(x, s)dx ds,
(3.2.6)

where 6, and 6y are both between % and ¢%, and 63 6, are both between % and 7.
Let &(x,t) = eM'((x,t), where ¢ € Cj,.((0,n) x (0,T)) and A; is chosen so that A\; —
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Mt [F oz

y,s)dy — my(z, s, ", ¢*) > 0 on Dy. Then by (3.2.5), we obtain

D¢, ) < fLMC(0,5) f7 (w5, 0" 7ol s)da ds

+ fot fooo Cs(z,8) + g1z, 5)C (2, 5)] eAlsv($, s)dx ds

Iy Jy e s)oa [ = Iy Bl )aly, s)dy — (a5, ", )] da ds
+f0 * eAisg(z, 5) fo B(z,y)v ( ,s)dy dz ds

T Jy o e, s) [~ wﬁwwwaa%ww»+«%@mw4%&%w¢ﬂJ?
+L]“JMS@J>[ G0, )7+ (5,05 02,) + Gl symage (5,902, 02,.)] f3
+3 0 e ey, s) 57 Cly + 2, 8)B(z, y)ulz, s)dz dy ds

41 fo CeMsu(y, s) [77C(y + z,8)8(z, y)u(z, s)dz dy ds.
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v(y, s)dy dz ds
w(y, s)dy dzx ds

(3.2.7)

Let n(x,t) = e¥'p(x,t), where p € C{,.((0,n) x (0,T)) and A, is chosen so that A, —

mo(z, s, 0%, ¢*) > 0 on Dy. Then by (3.2.6), we find

Agt j‘
+Jy fo
+Jo JoT =

)p(a,t)da < [o e*22p(0,5) [ ya(x, s, 0%, @7 )w(z, s)dx ds

O S '7290 (I S 917@ ) p(m,s)m2¢u(x,s,92,gpz)] e/\zsz(x’ 8) f()oov(ya

p(0, 8) 2= (, 5, 0", 03) + p(x, $)Mog: (z, 5,0, 04)] €¥°2(x, 5) [~ w(y

+ fo fo [ps(2,8) + ga(, 8)pa(, )] €2°w(a, s)dx ds

+Jo Joe

e**p(z, 8)[ A2 — ma(z, 5, 0% ©*)|w(z, s)dx ds.

We now set up two backward problems as follows:

Cs(zy8) + gr(x,8)C(z,8) =0, 0<s<t,0<zx<mn
((n,s) =0, 0<s<t

C(Ji,t) :Xl(x>7 0<z<n,

s)dy dz ds
,s)dy dz ds

(3.2.8)
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and

ps(,8) + g2z, $)pz(x,8) =0, 0<s<t, 0<z<n
p(n,s) =0, 0<s<t

plx,t) = xa(x), 0<xz<n.

Here x; € C3°(0,n) and 0 < x; < mn, i = 1,2. The existence of ((z,s) and p(z,s) can
be easily shown. Note that the initial and boundary conditions of ((z,s) and p(z, s),
we have 0 < ((z,s) <1 and 0 < p(z,s) < 1. Substituting such a ((z,s) and p(zx,s) in

(3.2.7) and (3.2.8), respectively, we obtain

n t o) t 0
/ v(z, t)x1(x)de <7 / / v(z,s)Tdr ds + 7'2/ / w(z, s)tdz ds, (3.2.9)
0 o Jo o Jo

and

n t 00 t 00
/ w(m,t)xg(x)deTg// w(x,s)+dxds+74// v(z,s)Tdrds,  (3.2.10)
0 o Jo o Jo
where

71 = Sup {71 (.flf, S, ¢ﬂ7 QOZ) + [)\1 - fooo ﬁ('x7 y)a(y7 S>dy —m (ZL', 8, g0727 gpz)}
L B e, )z + (2Bl + sl + I o) [ 0, )iy}

) SUp {/Ooo u(z, s)dx} :

73 = Sup {72(‘1‘7 S, Qoga 905) + [/\2 - mg(l’, S, (:027 902)] + (H’VZPZ“OO + ||m2<PZ

72 = (g2 oo + (1122

) Jo Z(y.s)dy},

and

72 = (o lloe + Iz ]loc) sup { / H(z, sm} |
0
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Since (3.2.9) holds for every xi, we can choose a sequence {x}} on (0,n) converging to

1, ifw(x,t) >0,
X1 =
0, otherwise.

Hence, by (3.2.9) we have

n t [e§) t 00
/ v(z, ) dx <7 / / v(z,s)Tdr ds + 7'2/ / w(z,s)"dr ds. (3.2.11)
0 0 Jo 0 Jo

In the same fashion, by (3.2.10) we have

n t 00 t o0
/ w(z, t) dr < 7'3/ / w(z,s)Tdr ds + 7'4/ / v(z,s)dz ds. (3.2.12)
0 0 Jo 0 Jo

Note that 71, 7, 73 and 74 are independent of n, by letting n — oo in (3.2.11) and

(3.2.12), respectively, we obtain

00 t 00 t 00
/ v(z, ) dx <7 / / v(z,s)Tdr ds + 7'2/ / w(z,s)Tdr ds,
0 0 Jo 0 Jo
00 t 00 t 00
/ w(z, t) dr < 73 / / w(z, ) dx ds + 74/ / v(z,s)Tdx ds.
0 0 Jo 0 Jo

Let 7 = max{m, 72, 73, 74}, then we get

and

/Ooo(v(a:,t)+ + w(z,t))dx < 21 /Ot /OOO@(:C’ ) + w(x, s))de ds.

By the Gronwall’s inequality, we obtain

/Ooo(v(x,t)+ +w(a, ) )z = 0,

which implies the estimates. O
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Remark 3.2.1. From the proof of Theorem 3.2.1, it easily follows that for any function
¢ € L>*((0,T); L1(0,00)), if ¢(x,0) <0 a.e. in (0,00), and the following inequality holds

for every non-negative £ € Cg,.(Dr)

I o, t)E(w, t)de < [ ¢(w, 0)E(x, 0)dx + [ £(0, ) [ Alx, 5)p(x, s)da ds
+ [ JoClEs(w, 8) + g(x, 8)E, (2, 8)]d(, 8)dx ds + [y [ &z, 8)B(x, s)(x, s)dx ds

+f(ff0°° o(z, s fo (x+y,s)C(x,y,s)dy dz ds,
(3.2.13)

with A, B € L*(Dy), [;° C(x,y,t)dy € L®(Dr), and A, C > 0. Then we have ¢(z,t) < 0

a.e. in Drp.

3.3 Existence Of the Solution

We begin this section by constructing monotone sequences of upper and lower solutions.
Suppose that (u°, 2%) and (u°, 2") are a pair of upper and lower solutions of (3.1.1), then
by Theorem 3.2.1 we see that u’(z,t) < @’(x,t) and 2°(z,t) < 2°(x,t). We then set up
four sequences {u}22,, {u"}52,, {zF}2, and {ZF}2, by the following procedure:

For k=1,2,..., let u* and u* satisfy the system

Qf + (glﬂk)x +my (JZ, tv 90ﬁk_17 @gk_l)uk

=1 [ B —y ) @ — y, ) (y, 1) dy — uF(a,t) [ B, y)ab (. t)dy
91(0,)uF(0,8) = [ 7y, t, 0™ o™ ub Ny, t)dy

Qk(l‘? 0) = u0($)7
(3.3.1)
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and

af + (uth), +ma (8,02, 2 ak

=35 Jy Ble —y,y)a* "z —y, )a" (y, t)dy — @¥(z, 1) [ Bla,y)u " (y, t)dy
g1 (0, )T (0,8) = [Ty, t, 0¥ o2 at Ty, t)dy
u*(x,0) = up(z).

(3.3.2)
For k =1,2,..., let 2¥ and z* satisfy the system
’U,k71 Zkfl k
2f + (922")e +maz, t, 0" 97 )P =0
92(0,8)25(0,8) = [T vyt 0", ™ )2y, t)dy (3.3.3)

§k<x7 0) = ZO(I)v

and
k;:o

IS

2+ (27")e + ma(z, 0™ 02T
92(0,)24(0,8) = [T naly. t, 0™ =) (g, )y (3.34)
ZF(x,0) = 2o(x).
The existence of solution to problems (3.3.1)—(3.3.4) follows from the fact that (3.3.1)—
(3.3.4) are all linear problems with local boundary conditions.

We first show that

|/\
I:

a' <@ 22 <z and 7' < 2% ae in Dy (3.3.5)

Let v(x,t) = u(x,t) — ul(z,t) and w(x,t) = 2°(z,t) — 2 (z,t), then by (3.3.1), (3.3.3)

and the fact that (u’(z,t),2%(x,t)) is the lower solution of (3.1.1), we obtain

I~ v(w, )& (e, t)da
< 7 v(,0)¢(x,0)d + fot I e a:,s) + g1(x, )& (z, s)]v(az,s)daz ds
—f(f fooov(x, (z,s) [fo x,y)u’(y, s)dy + mq(z, s gp 20) dz ds,



83

and
fooo w(z, t)n(x, t)dx
< w0 0o + [ (5 5) + a9, 5)) (a9 d
— Jo Jo~ w(z, s)n(z, s)ma(x, s, ¢, % )dw ds.
Then v(z,t) satisfies (3.2.13) with A(z,t) = 0, B(xz,t) = — [[°f ,8)dy —

my(z,s, 0", 7)) and C(z,y,t) = 0, and w(z,t) satisfies (3.2.13) with A(x,t) = 0,
B(z,t) = —mQ(x,s,goﬂo,gJEO) and C(z,y,t) = 0. Thus, by Remark 3.2.1 we obtain
that v(z,t) < 0 and w(x,t) < 0 a.e in Dy, ie, v’ < u' and 2° < z' aeinDy. In a
similar manner, we can show that ' < @° and z! < 2% a.e in Dyp.

We then show that (u!,z!) and (@', z') are the lower and upper solutions of (3.1.1),

respectively. By (3.3.5), myuu > 0 and my,- > 0, we find

LIS Bl =y, y)ul(z —y, )ul(y, t)dy — ul(z,t) [° Bz, y)@(y, t)dy — ma(z,t, 0", o )ul

LI Bl — y,y)ut(z — y, )l (y, t)dy — ul (2, 1) [7° Bz, y)a (y, t)dy — ma(z, ¢, 0", o Ju!

I
o

5 [y Bz —y,p)u’(x —y, t)u’(y, t)dy — u' (x,t) [7° 3 y,t)dy — ma(z,t, 0¥, 2 )at

> 3 [y Bz —y.y)at(z -y tya (y, t)dy — a'(z, 1) 75 y, t)dy —ma(z,t, 0", % )u!
By (3.3.5), 7145« < 0 and 7y1,- < 0, we find

> g0 30 > gtz
/ (Y, t, 0", p )go(y,t)dyé/ Y (y, t, 0" " )u'(y, t)dy,
0 0

and

& UO ZO _ e ’LLI Zl _
/ 71 (ya ta 2o )uo(ya t)dy > / 84! (ya ta w 9" )ul (y7 t)dy
0 0
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By (3.3.5), magu < 0 and ma,- > 0, we obtain

—mg(l’, t, (,020, @Zo)zl < —mg(flf, t Qpﬂlv 9021 )§17

and

=0

—777/2(2[', ta gpu

7@50)21 > —mg(l‘,t,@ 7()0_ )Z

By (3.3.5), 72, > 0 and 7s,- < 0, we obtain

> w9 70 > ul z1
/ Yoy, t, 0%, )zo(yi)dyé/ Yoy, t, ", 0% )z (y, t)dy,
0 0

and

> 7V 20\ = > al 21\ =
/ Yoy, t, ", p* )Zo(y,t)dyZ/ Yoy, t, 0" % )2 (y, t)dy.
0 0

Thus, (u',2') and (u!, z') are the lower and upper solutions of (3.1.1), respectively.
We then assumed that for some k > 1, (u¥, z*) and (4*, 2¥) are the lower and upper
solutions of (3.1.1), respectively. Proceeding analogously, we can show that

uf < uF Rt < @b 2R <M and 2FT < 28 ace in Dy

and then by the above inequalities we can claim that (u**!, 2*!) and (a**!, zF1) are

the lower and upper solutions of (3.1.1), respectively. Thus, we obtain four monotone

sequences
W<y < <dF<db < <at <@ aes in D,
< << <A< <2 <20 ae in Dy,

for k =0,1,2,.... By the monotonicity of the sequences {u}2, {u*}2,, {zF}22, and

{zF}22,, we know that there exist functions u, 4, z and z such that u* — u, @* — 4,

¥ — 2z, ZF — Z pointwise in Dp. Clearly, u < % and z < % a.e. in Dy. By the dominant
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convergence theorem, we know that (u, Z) and (u, z) are the lower solution and upper
solution of (3.1.1), respectively. Hence by Theorem 3.2.1, we have & < u and z < z a.e.
in Dyp. Thus, « = u, Zz =z a.e. in Dy. Let u = u and z = Z, then (u(x,t), z(x,t)) is the

solution of (3.1.1).

Remark 3.3.1. As an example, for a large class of initial data such as ug(x) = O(e™?)
and zo(z) = O(e™") as & — 00, we can construct a pair of non-negative lower and upper

solutions of (3.1.1) as follows: let (u’(x,t),2%x,t)) = (0,0) and (a°(z,t),2%(z,t)) =

creblt  coebat
1+a?z?’ 1+a3z?

> with a;, b;, ¢; positive constants, ¢ = 1,2. For every non-negative £ €

Cy.(Dr), we find

[ @0 (2, 0)¢(x, 0)dx + [ €(0,8) [ 7i(w, 5,02, =)@ (x, s)dx ds

+ fot I Es(,5) + gu(x, 5)Ea (2, )] @0(x, s)dx ds

L [0 e, s) [y Bla — g, y)a®(z — y, 5)a’(y ,S)dyda:ds

—f(ffooo §(x,s [fo y, s)dy +ma(z, 5,0, ¢ )} O(x, s)dx ds
= J5 (2, 0)&(x,0) da:+f0 (0, s fo‘x’ Y (z,s,0, 0)a°(x,s)dx ds

fo 91(0, 8)u°(0, 5)&(0, s)ds — fo fo )(g;(w,s) a1(z, s)1+ wg)dxds

+fo (ﬂ(’(w,t)&(m,t) — "z, 0)¢ — [y bi&(x, 8)a (:E,s)ds) dx
+1 f(f I &z, s) [y B —y,y)ﬂo(:r —y,8)u’(y, s)dy dx ds
fo I &, s)ma(x, 5,0,0)a°(z, s)dx ds

< fooo O(x t)¢(x, 1) dx—l—fo [ 91(0, S) (0, s —l—fo v (z,s,0,0)u (x,s)d:z:} ds
+ fO f(]oo §($, S)ﬁ (fL’, S) [a’lgl(xa S) - galz(l‘7 8) — b — ml(l', 5,0, 0)] dr ds
+3 o e, s) [T Bla — y,y)@(x — y, 8)@°(y, 8)dy du ds.
(3.3.6)
First we choose a; so large that a; > %. Note that [;° 1+a Tmdr = 5, we
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obtain

—g1(0,8)a°(0,s) + [, n(z,s,0,0)a(z, s)dx

(3.3.7)
< a®nlls fy mede — (0, s) = cre” (% — (0, S)> < 0.
Fix this a; and choose ¢; so large that ; +211$2 > up(x). Note that
/“” 1 dy — 2 [ayztan™(ayz) + log(1 + a?z?) - 2(1+m)
o 1+ a2(x —y)2](1+ a?y?) v= alr 4+ atx? ar(1+ a3z?)’
we have
%fot I &, s) [y Bla — ﬂo(:v —y,8)u’(y, s)dy dz ds
< B0+ m)Blloo fy Jo© &, )0 (x, 5)de ds.

We then choose b; sufficiently large that b, > %(1+7T)||ﬁ||oo+a1”gl”oo+ | 912l Hence,

we obtain

f(f fooo f([L’, S)ﬂo(xv S) [algl(l‘a S) - gl:c(xv S) - bl - ml(x, S, O, O)] dx ds
+3 f[f I &, ) [5 Bz —y,y)u’(x — y, s)u’(y, s)dy dz ds

Jo Jo© &, ) (x, ) [a1g1(x, $) = gro(x, 5) — by — mi(,5,0,0) + 2 (1 + 7r)||ﬁ||oo] da ds
0.

IN

IN

(3.3.8)
Thus, by (3.3.6)—(3.3.8), we see that (u’(z,t),2%x,t)) and (u’(z,t),z%(x,t)) satisfy
(3.2.1).

In the same fashion, we have

Jo7 2@, 0)¢ (2, 0)dx + [, €0, ) [ re(w, s, 0™, ¢2) 2 (2, s)da ds
+ Jo S 6, 8) + g5(w, )& (@, 9)] 2w, 5)dw ds
fofo (z, 8)ma(z, 5, ™, p2")2(x, s)dxds
J2° 20, )€, ) + [ E(0, s [ 00,5) + [ a5, 6™, 0)2 (a, s)de] ds
s) —

+ f(f fooo {(x,5)2°(2, 5) [asga(z, G2z (2, 5) — bo] dx ds.

IN

(3.3.9)
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First we choose as so large that ay > 172l Then we have

= 2minge[p,1] 92(0,5) °
—92(0,5)2°(0, ) +/ Yo (0”0, z,5)2° (z,s)dr < 0. (3.3.10)
0

> zo(x). We then choose by sufficiently

Fix this a and choose ¢, so large that 22 >

large that by > as2||g2||c + ||g22/|cc- Then we have

/0 /Oooé(x, $)2°(z, 8) [azga(z, 8) — gou (T, 8) — by] dw ds < 0. (3.3.11)

Thus, by (3.3.9)-(3.3.11), we see that (u°(z,t),2%x,t)) and (a°(x,t),2%(z,t)) satisfy
(3.2.3).

Therefore, (u°(x,t),2%(x,t)) and (a°(z,t),z%(x,t)) is a pair of lower and upper solu-
tion of (3.1.1) on Dy with 7" = min{1, 1/b}.

3.4 Uniqueness Of the Solution

In order to show the uniqueness, we give a new definition of the solution of (3.1.1).

Definition 3.4.1. A pair of non-negative functions (u(z,t), z(x,t)) is called a solution

of (3.1.1) on D7 if all the following hold:
(1) u,z € L>((0,T); L'(0, 00)).

(ii) For every t € (0,T) and every & n € C} (Dr), we have

Jo~ ul@, )é(x, t)de
= [ u(z,0)€(x, 0)dx + f; £(0, ) [ m(x, 5, 0" o )ul(z, s)dx ds
+ Jo I3 6l 8) + g1, )&, 9)] ulw, s)dx ds (3.4.1)
+35 fo I &, s) [y Bz —y,y)u(z — y, s)u(y, s)dy dx ds
= Jo Jo Eas) [fT Blay)uly, S)dy+m1($,8,go“,goz)} u(z, s)dz ds,
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and

)y Z(%t)n(ﬂf,t)

fo 0)n(z,0) d:}c—l—fo (0, s) fooo Ya(x, s, 0% ©*)z(x, s)dx ds (3.42)
+f0 fo ns(x, ) + g2(z, s)n. (2, 5)] 2(2, s)dx ds

- fo fo ma(x, s, ", ©*)z(x, s)n(x, s)dz ds.

We can easily verify that this definition is equivalent to Definition 3.2.2.

Theorem 3.4.1. Suppose that (u', 2') and (u?, 2%) are both the solutions of (3.1.1), then

UlE

u? and z' = 22

Proof. Let v =u' —u? and w = z' — 2°. Choose £ and 17 € C,.((0,n) x (0,T)). Then v

and w satisfy v(x,0) = 0 and w(z,0) =0 in [0,00). By (3.2.1) and (3.2.2), we find

and

Jo

I v(@, t)E(z, t)da
fotf((), s) Jy m(z,s, o cpzl)U($ s)dx ds + f(f Jo 53 z,8) + g1(x, $)&(x, 8)] v(z, s)dx ds

—fg fooo Z,s [fo Yy, s)dy +mi(z, s Lo P )} v(x, s)dx ds

— S ut(x,8) [T € Bz, y)v(y, s)dy dz ds

+ Jy Jo s €00, s)mu (2,5, 00, %) = &, )10 (2,5, 00,0, 7)| [ 0(y, )y do ds
200, [£00 85— e o, 0,0 [ )y
FL [0y, 8) [ E(y + 2, 8)B(2, y)ul (2, )dz dy ds

+§ fo 0 u?(y, fo (y + z,8)B(z,y)v(z, s)dz dy ds,

(3.4.3)
wia, (e, Ode = [In(0.5) [ (e, 5.0 ¢ Y, s)dv ds
+f0 fO [77 ’7290 (ZE S 01’ 1) —77(9073)”12@”(957 5702790Z1)] Z :L“ S fo dy dx ds
+f() f() [77 7250 (:B S, 90 93) (x73)m2wz(za3a¢UQ794)] Z aj S f() dy dr ds

+fo fo [ r,8) + g2(x, )0 (2, 5) — n(w, 8)m2($,8,s0”1,9021)} w(x, s)dx ds,
(3.4.4)



89

where ¢, and 6, are both between gp“l and gp“z, and 65 and 6, are both between »* and
0%, Let &(x,t) = eM'((x, 1), where ¢ € Cy,.((0,n) x (0,T)). Then by (3.4.3), we obtain

M [y vz, )C(x, t)dr = f(f (0, s) [ M, s, " o* o(x, s)dx ds
+ fot Iy [Cs(,5) + 91(37, $)C(z, 9)] e’\lsv(a:, s)daz ds

+f0 foo et (x, s) [ fo ,8)dy — ml(x,s,gp , p* )} dx ds
— S et (x, s fg z,y)v(y, s)dy dz ds
Sl (SN <x,s,euw,soz)—<<x,s>mwu<x,s,0um,sozl>] Ao (2, 5) [ vy, $)dy da ds

Iy 05 60, sm, <x,s,w2,ez>—<<x,s>m1¢z<x,s,wiezm>] oz, s) [ w(y, s)dy de ds

30 Jy M ( ) Jo~ Cly+2,9)8(z,y)ul (2, 5)dz dy ds
+3 fo Cersut(y,s) [y + z,8)8(z,y)v(z, s)dz dy ds.
(3.4.5)
Let n(x,t) = e*'p(x,t), where p € Cj,.((0,n) x (0,T)). Then by (3.4.4), we find
et [ w(z, pla, t)de = [7eX2p(0,s) [ (x5, 0", ¢ Jw(x, s)dz ds

+fo fo [P 8)2pu (7, 8,01, ) p(x, s)magu(x, 5,02, * )} A28 5 2( fo s)dy dx ds
+Jo Iy [P $) Y2 (2, 5,0, 03) — (aﬁ,S)mw(as,s,go“z,eél)} Xs22(x, ) [ w(y, s)dy dx ds
—l—fo fo [ps x,8) + ga2(x, $)pe(x, 8) + p(x, 5)( Ao — mo(z, s <p , 7 ))] e’\25w(:1:,s)dx ds.

(3.4.6)

We now set up two backward problems as follows:

Cs(zy8) + qr(x,8)C(z,8) =0, 0<s<t,0<zx<mn
¢(n,s) =0, 0<s<t

C(Ivt) :Xl(:E)v 0<x<n,

and
ps(z,s) + ga(x, $)pe(z,5) =0, 0<s<t,0<z<n

p(n,s) =0, 0<s<t

pla,t) = x2(x), 0<z<n,
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where x1, x2 € C°(0,n) and —1 < x1, x2 < 1. The existence of ((x,s) and p(z, s) can
be easily shown. Note that the initial and boundary condition of {(x,s) and p(z, s), we
have —1 < ({(z,s) < 1 and —1 < p(x,s) < 1. Substituting such a ((z,s) and p(z, s) in

(3.4.5) and (3.4.6), respectively, we obtain

/ v(x,t)x1(x)de < ,ul/ / (x,$)|dx ds—i—,ug/ / (x,s)|dz ds, (3.4.7)
0

and
/ w(z, t)xo(z)dr < /,Lg/ / (x,s |d$d8+,u4/ / (x,)|dx ds, (3.4.8)
0
where
ju = sup {%(%8,90“1,90 + =g g, $)dy = mu(e,s, 6" o)

+3J0 B (2, 5)dz + (3 HﬂHooJr|!m1wHoo+H%wHoo) o Wy, s)dy},

s = (1o oo + Im1pe o) sup { / u2<x,s>dx} ,
0

s = sup {7a(@, 50" ) + Do = malw, 5,60 07 )] + (Image oo + Irpelle) J5 22, 5)dy |

and

pa = (72¢nlloc + l[m2g | 0) sUD {/ 2, s>df“}
0

Since (3.4.7) holds for every xi, we can choose a sequence {x}} on (0,n) converging to

1, ifw(zt) >0,
xX1=194 0, ifw(xt)=0,

-1, ifw(x,t) <O0.
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Hence, by (3.4.7) we have

/ |v(z,t)|dx <,u1/ / (z,s |dxd3+u2/ / (x,s)|dz ds. (3.4.9)

In the same fashion, by (3.4.8) we have

/ lw(z,t)|de < ,ug/ / w(z, s)|dx ds—l—,u4/ / v(x, s)|dx ds. (3.4.10)

Note that g, po, p3 and py are independent of n, by letting n — oo in (3.4.9) and

(3.4.10), respectively, we obtain

/ lv xt|dx<,u1// xs|dxds—|—,u2// w(x, s)|dz ds,
0
/ |w :ct|d:v</,43// :cs]da:ds—l—/m// v(x,s)|dz ds.
0

Let p = max{p1, pi2, pi3, pta}, then we get

and

/Om(|v(x,t)| + (e, B))dz < 2“/0 /Ooo(\v(x,sﬂ + lw(z, 5)|)da ds.

By the Gronwall’s inequality, we obtain

/0 (o, D) + (e, t))dz = 0,

which implies the estimates. O

Theorem 3.4.2. Suppose that (H1)-(H5) hold. Furthermore, suppose that (u°(z,t),2°(x,t))
and (@°(z,t),2°(x,t)) are non-negative lower and non-negative upper solution of (3.1.1),
respectively. Then there exist monotone sequences {u®(x,t), 2*(z,t)} and {a*(x,t), 2"(z,t)}

which converge to the unique solution of (3.1.1).
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We now show that the solution of (3.1.1) possesses the following property.

Theorem 3.4.3. Suppose that (H1)-(H5) hold. Then for the solution (u(x,t), z(x,t)) of

(3.1.1), ¢“(t) and @*(t) are both continuous in the existence interval.

Proof. To show ¢"(t) are continuous on [0, t], it suffices to show that

I w(z, t)de = [;F u(x,0)dz + f(f I (@, s, 0% 0% )u(z, s)da ds
+3 fot I s B =y, y)u(z — y, s)u(y, s)dy dx ds

- f(; f()oo [.[000 5(I7 y)u<y’ S)dy + my (ZL‘, S, SOU, QDZ)] U(l’, S)dl’ ds.
(3.4.11)

Let &(x,t) = ((x), where ((z) = 1 for 0 <z < n, {(z) =0forn+2 <z < oo and

—1 <" <0 forn <x <n-+2. By the definition of solution of (3.1.1) we have that

( [ u(z, t)de — [ u(@, 0)dz — [ [y (2,5, 0% o*)u(z, s)dz ds
—3 3 S Sy Bl = yy)ule — y, s)uly, s)dy da ds

+ fot I 1SS B, y)uly, s)dy + ma(z, s, o%, ¢%)] u(z, s)dz ds‘

[, 1) = u(, 0)(1 = @)z + fy 2 010, 5)Celw)ul, $)d ds
L [2(C() = 1) [ Bla =y, y)ule — y, s)uly, s)dy da ds

+ [ [z, s)(1 = C(2)) [Jo7 Bz, y)uly, s)dy + ma(z, s, %, ¢*)] dx ds

< 2+ Tlgillee + 3TN Blosllullee o, rymi 0,000 + Tllmalloo) supreory f,y- ule, t)da
(3.4.12)

Since u € L>((0,T); L'(0,00)), sup,co.1y [o u(z,t)dz — 0 as n — oco. Thus, (3.4.12)

implies (3.4.11) holds.

To show ¢*(t) are continuous on [0, t], it suffices to show that

fooo z(z,t)dx = fooo z(z,0)dx + f(f fooo Ya(x, s, 0%, ©*)z(x, s)dx ds (3.413)
- f(f fooo ma(z, s, ", p*)z(z, s)dx ds.

Let n(x,t) = p(x), where p(z) = 1 for 0 < x < n, p(zr) =0 for n+2 < x < 0o and
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—1 < p'(z) <0 for n <2z <n+ 2. By the definition of solution of (3.1.1) we have that

)f(]oo<z<x7 t) o Z(ZL’, O))dI - f(f fooo(’VQ(x7 s, ", 902) - mZ(xv s, ", QOZ>>Z(.I, S)dl’ ds

- )foo z(2,t) — 2(2,0))(1 — p(z))dz + f(f [ ga(x, 8)pa(@)z(x, s)dx ds
+ o I 1—MD%@@WWWMM

< @+Twﬂw+ﬂmmumwmwu?4awm.
(3.4.14)

Since z € L>((0,T); L'(0,00)), supyepopy [, 2(x,t)dz — 0 as n — oo. Thus, (3.4.14)
implies (3.4.13) holds. O

Theorem 3.4.4. Suppose that (H1)-(H5) hold. Then the unique solution (3.1.1) ezists

for 0 <t < o0.

Proof. By the definition of the solution of (3.1.1), we only need to show that ¢“(¢) and

©*(t) are global in ¢. By (3.4.11), we have that

PU(t) = @ (0)+ [y Jo (s, 0" 0 u(x, s)dx ds
+3 o Sy Bl =y y)ule — y, s)uly, s)dy da ds
—f(ffo [[>p v, 8)dy +mi(z, 5, 0% )] ul(z, s)dz ds
= ")+ fy Jo~ (% 2,5, ¢% %) — ma(z, 5,0 ©%) — 3 [ Bla,y)uly, s)dy) u(z, s)dz ds
2(0) + 11 lloo fy " (s)ds.

IN

By Gronwall’s inequality, we obtain that ¢"(t) < ¢"(0)exp(||71]lt). By (3.4.13), we

have

() = @2 (0) + [y Jo (el s, 0%, ) +ma(x, s, 0%, ¢*))2(z, s)dz ds

< 07 (0) + |72l [ 97 (5)ds

By Gronwall’s inequality, we obtain that ¢*(t) < ¢*(0) exp(||72|cot)- O
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Chapter 4

Numerical Solver for General
Size-Structured Population Model

4.1 Introduction

We wrote a user-friendly software package using Matlab and compiled them as stand-

alone package to solve the following coupled system of size-structured population model:

ul + (g% (z, PY(x,t), P*(z,t),- -, PN(2,t))u),
+m! (x, P(x,t), P*(z,t), -+, PY(z,t))u =0, (x,t) € (0,L] x (0,T]
g% (0, P+(0,t), P%(0,t),--- , PN(0,t))ul(0,1)
= C(t) +/0 Bz, P (x,t), PX(x,t), -, PN (z,t))u! (z,t)dz, t € (0,T]

ul(z,0) = u!¥(z), = €]l0,L].
(4.1.1)
Here u!(x,t), I = 1,2,..., N is the density of individuals of Ith subpopulation having

size x at time ¢, and

Pl(x,t) = /0 w! (z, y)u' (y, t)dy, (4.1.2)

is a function of density of u!, where N is the number of subpopulation, and w!(x,y)
is a weighing function. The function g’ denotes the growth rate of an individual in
the Ith subpopulation, and m! denotes the mortality rate of an individual in the Ith

subpopulation. The function B’ is the reproduction rate of an individual in the Ith
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subpopulation, while C7 represents the inflow rate of zero-size individual from an external
source. In fact, we can easily see that the model (4.1.1) is a generalization for models
discussed in Chapter 1 and 2.

The remainder of this chapter is organized as follows. In section 4.2, we introduce
some features about the main figure. In section 4.3, we introduce how to initialize a
simulation. In section 4.4, we present some operations during a running simulation. In
section 4.5, we introduce some features after simulation is completed. In the last section

4.6, we introduce how to create a stand alone package.

4.2 Main Figure

The main figure of the size-structured population program is where the majority of the
interaction the user will used to create and run a simulation (see Figure 4.1). Two axes
located in left of the figure are used to display the graph of Population Density and Total
Population, respectively. By clicking on the Population popup menu, you can choose the
subpopulation that you want to display its corresponding figures or its parameter values.
The upper right hand of the figure is the status bar that gives the current status of the
simulation. Below that is the number of populations, maximum time (7"), maximum size
(L), all the parameters value for a population and some calculation push button. More

details are given below.

e DEFAULT Button:

This initializes all the parameters to their default values.

e STOP Button:

This stops a current simulation from finishing.

¢ CONTINUE Button:

This continues a previously completed simulation.
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<} [Figure No. 1

File Edit Wview Insert Tools Window Help Sawve Load
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[

0.6
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02

Default

Figure 4.1: Main figure of the numerical solver.

START Button:

This begins a new simulation.

Number of Populations:

Number of subpopulation (N). Only positive integers will be accepted. Otherwise,

an error dialogue will be given. The default value is 1.

Maximum Time:

The maximum time of the simulation running (7°). Only positive values will be

accepted. Otherwise, an error dialogue will be given. The default value is 1.5.

Number of Time Steps:

The number of time steps of the numerical scheme. Only positive integer will be

accepted. The time mesh size is then given by T'/number of time steps. The default

value is 150.

Maximum Size:
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The maximum size of the population (L). Only positive values will be accepted.
Otherwise, an error dialogue will be given. The default value is 1.

Number of Size Intervals:

The number of size intervals for the numerical scheme. Only positive integer will

be accepted. Otherwise, an error dialogue will be given. The spacial mesh size is
then given by L/Number of Size Intervals. The default value is 100.

Initial Population Density, u(z,0):

u(z, 0) is a nonnegative function with respect to x. The default function is 3 exp(—10(z—
0.01)?).

Growth Rate, g(x, P1, P2,...,PN):

g(x, P1,P2,... PN) is a nonnegative function depending on the variables z, P1,
P2, ..., PN if the model involves N subpopulation. The default function is 5(1 —

x)Q exp(—2Q), where Q = P1+ P2+ ---+ PN.

Mortality Rate, m(z, P1, P2,..., PN):

m(x, P1, P2,..., PN) is a nonnegative function depending on the variables x, P1,
P2, ..., PN if the model involves N subpopulation. The default function is @Q/(1+
Q), where Q = P14+ P2+ ---+ PN.

Reproduction Rate, b(x, P1, P2,..., PN):

b(x, P1,P2,..., PN) is a nonnegative function depending on the variables x, P1,
P2, ..., PN if the model involves N subpopulation. The default function is
0.2z exp(—0.2Q)), where Q = P1 + P2+ ---+ PN.

Inflow Rate of Zero-Size Individual, C(t):

C(t) is a nonnegative function depending on the variable ¢. The default function is

0.
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e Weighing Funtion, w(z,y):

If the problem is a hierarchical size-structured population model, then w(z,y) is a
nonnegative function depending on both variables x and y. Otherwise, w(z,y) is

a nonnegative function only depending on the variable y. The default function is

02(y < z)+ (y > 2))y.

4.3 Initializing A Simulation

This section explains how to initialize a simulation step by step in order to make it

function properly.

1. Choose the number of subpopulations for the problems

Edit the number of subpopulations for the problems in the edit box under the mes-
sage Number of Populations. The default value for the number of populations

is 1.
2. Edit parameter values using Default Setup or A Custom-Made Setup.

e Default Setup:

— Press the Default button. This creates a Quasilinear Hierarchical Size
Structured Model in which the parameter values of Initial Population
Density is assumed to be the same for all the subpopulations, so are
Growth Rate, Mortality Rate, Reproductive Rate, Inflow of Zero-Size

Individuals and Weighing Function.

— To see a subpopulation parameters, just click on the Population popup
menu. If you want to change some of its parameters, just edit it in the

corresponding edit box.

o A Custom-Made Simulation:
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— Enter the maximum time (7") and maximum size (L) for your problem, and
then enter the number of time steps and size intervals for the numerical

scheme.

— Enter the appropriate function forms for all the parameters of Population
1. Inappropriate forms will lead to an error message (see Figure 4.2). If the
number of populations for the problem is more than 1, repeat this process
by first clicking on the Population popup menu for another successive

subpopulation and then entering all of its parameters values.

oz 0.4 (B 53 0.8

Population 1: Total Population

Figure 4.2: Inappropriate function form result in error message.

3. Press the Start button to start this simulation.

4.4 Operations During A Running Simulation

This section explains what kind of operations that are available while a simulation is

currently running.

e Counter:

Notice at the top right hand corner of the main figure, the status message is dis-

playing a counter that increments by 1. This is the number of time steps the model
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has been running. The simulation will run until this counter reaches the Number of
Time Steps, unless the user stops the program prematurely or the Continue button

is pressed to start this simulation.

e Stopping a Simulation:

If you want to stop the simulation prematurely, just press the Stop button and the

simulation will end.

4.5 Features After A Simulation Is Completed

This section explains what kind of operations can be taken place when a previous simu-

lation is completed.

e Graphing:

You can see the graphs of Population Density and Total Population of a supopula-
tion by clicking on the Population popup menu (see Figure 4.3). For example, if
you want to see the graphs of population 2 (N > 2), just drop down the Popula-

tion popup menu, choose the menu Population 2.

Simulation Finished

Population 1: Population Density

Initisl Population Densit.:, ukx0)
S (-1 0. 011" 2)

tMarality Rate. mioP1)
(F11/(1+F17

Figure 4.3: Figure for simulation finished.

e Continuing a Simulation:
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If you want to continue a previous prematurely completed simulation, then just
press the Continue button. You can also change some the parameters value of a
subpopulation (growth rate, reproduction rate, mortality rate and weighing func-
tion) by just editing them in the corresponding edit box. Press the Continue

button to continue.

Saving a Simulation:

This feature saves all of the parameters that the user enters and the all of the
outputs such as the total population number, etc. To save your simulation, click
on Save, which is located at the top of the main menu. The Saving Data window
will appear (see Figure 4.4). On the right hand side is the current directory and on
the left side is the files in the current directory. At the bottom right hand corner
is where you can enter the name of the saved file. This file will be saved as a .mat
file in the current directory. You can change the current directory by clicking on

the current directory window. When you are ready to saved this file, just click on

the OK button.
“) Figure No. 2 E@JS‘

File Edit wiew Insert Tools Window Help

SAYING DATA

Chshubhier_community_exe
- ~|

| munity.mat
shuwork.mat
ss_modelmat
wiand_files mat

Figure 4.4: Figure for saving data.
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e Loading a Simulation:

This feature loads all of the parameters that the user enters and the all of the
outputs such as the total population, etc. To load a previous simulation, click
on Load, which is located at the top left of the main figure. The Loading Data
window will appear (see Figure 4.5). On the right hand side is the current directory
and on the left side is the files in the current directory. At the bottom right hand
corner is where you can enter the name of the load file or you can select the file
from the file listing in the current directory. You can change the current directory
by clicking on the current directory window. When you are ready to load this file,

just click on the OK button.

)} [Figure No. 2 gﬁjg|

File Edit “iew Insert Tocols ‘Window Help

LOADIMG DATA

Sawvel oad_Fig mat
hier_cormrmunity.mat
shuwork.rmat
s5_modelmat

wans_files mat

San

Chshubhier_community_sxe
- M|

Figure 4.5: Figure for loading previous data.

4.6 Creating A Stand-Alone Application

In this section, we will use an example to explain how to create a stand-alone graph-

ics application in a step-by-step process. In order to do it, you must install MATLAB,
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MATLAB Compiler, C++ Compiler, MATLAB C++ Math Library and MATLAB C++
Graphics Library in your system. Suppose that you have 3 MATLAB files: HierCom-
munity.m, Default.m and StartHierCommnuity.m, which are located in the directory C:\

test. The process is as follows:

e Configuring mbuild
To configure your compiler, run mbuild -setup from MATLAB command prompt.
This allows you to choose the appropriate C compiler.

e Verifying mbuild

To verify that mbuild is properly configured on your system to create a stand-
alone application, copy <MATLAB>\extern\examples\cmath\ex1.c to your local
directory and cd to that directory, where <MATLAB> represents your MATLAB

installation directory. Then, at the MATLAB prompt, enter:

mbuild exl.c

This should create a file exl.exe. To launch your application, enter its name on the
command line. If mbuild is properly configured, you will get no error and obtain

all anlswer.

e Verifying the MATLAB Compiler.

To verify the MATLAB Compiler, copy <MATLAB>\extern\examples\compiler\hello.m
to your local directory and cd to that directory, and then type the following at the
MATLAB prompt:

mcc -em hello.m

This command should complete without errors.

o Create a new M-file as follows:
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mcc -p -B sglepp HierCommunity.m Default.m StartHierCommnuity.m

Then run it. You will see that a new subdirectory C:\test\bin is created. In the
same time, all the M-files are translated into C++ source code suitable for your

own stand-alone external applications.
e Packaging the MATLAB Math Run-Time Libraries

— Run the MATLAB Math and Graphics Run-Time Library Installer by double-
clicking on the mglinstaller.exe file, which is located at <MATLAB>\extern\lib
\win32\ mglinstaller.exe. This program extracts the libraries from the archive.

You must install them in the directory C:\ test.

— You will see that another new subdirectory C:\test\toolbox is created. In the
same time, all the dynamic link libraries are created in the new subdirectory
C:\test\bin\win32, copy all the files located in subdirectory win32 and then

paste them in the directory C:\test

Remark: There are restrictions on what kind of MATLAB code can be compiled. The

MATLAB compiler cannot compile:

e Script M-files. If it is not a function file, just put a ‘function *’ line at the top,

where * denotes the file name.
e M-files containing inline or eval(expl,exp2).
e M-file name is not the same as the name in the sentence ‘function .

e M-file containing audio command such as sound, etc.



Conclusion

We used the finite difference approximation method to study the existence-uniqueness of
the solution to a nonlinear hierarchical size-structured model in Chapter 1 . The crucial
step in this technique is to show that the developed finite difference approximation has a
bounded total variation. Then, through the compact imbedding of the space of functions
of bounded variation in £'(0, L) one can extract a convergent subsequence and show that
the limit is indeed a solution. This approach seems to be more applicable than that used
in [1, 2]. In particular, the approach used in [1] requires that vital rates depend only on
the total population. The techniques used in [2] require that the growth and reproduction
rates depend only on the size and the mortality rate depend only on the total population.
However, for our approach, it is applicable to all these cases. Furthermore, application
of such a technique results not only in the existence of solutions but also in a numerical
scheme that can be used to investigate the solution quantitatively. Notice that the order
of the convergence rate of the finite difference scheme developed in this chapter is only
one, we hope to develop a numerical scheme whose convergence rate is second order for
our model in the future work. Moreover, we want to consider other generalizations which
will increase the applicability of our model. In particular, we wish to study the case where
Q(x,t) = fOL d(z,y)u(y, t)dy. Clearly this is a more general ) than the one considered
in our model. In fact, if d(z,y) = aw(y) for 0 <y <z and d(z,y) = w(y) for z <y < L
then one obtains the environment () considered in this chapter. We believe that the finite

difference approximation method used in this chapter works for this general (). However,
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additional technicality will be needed.

We developed a least square technique in Chapter 2 for parameter identification in a
coupled system of nonlinear size-structured populations model. Recall that the observa-
tions in this chapter corresponds to the total population number instead of population
density used in [3, 4]. In practical situations it is impossible or there is much difficul-
ties to obtain the data on the population density. So our method has more practical
meaning than the one used in [3, 4]. Furthermore, the numerical experiments show that
this technique performs well and produce good confidence interval for the parameters.
However, we see that there is a slightly under biased estimator for some of numerical
examples when the infinite dimensional effects exist, we suspect that the upwind scheme
we adopted to approximate the model and the right hand sum for approximating all the
integrals may result in this bias. So we hope in the future to improve it by developing
a new numerical scheme to approximating the infinite dimensional state and parameter
space without losing the convergence, in the same time, we also hope this new numerical
scheme can have a higher order convergence rate.

We used a monotone method in Chapter 3 to establish the existence-uniqueness for a
nonlinear nonlocal size-structured phytoplankton-zooplankton aggregation model. The
idea behind such a method is to replace the actual solution in all the nonlinear and
nonlocal terms with some previous guess for the solution, then solve the resulting linear
model to obtain a new guess for the solution. Iteration of such a procedure yields the
solution of the original problem upon passing to the limit. The key step between the
consecutive guesses is a comparison principle. Note that the growth rates in our model
do not depend on the total population, we wish to develop a method in the future work
that will deal with this case. We also want to take the dynamics of nutrient into account

in the future.
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ABSTRACT

In Chapter 1, a finite difference approximation to a hierarchical size-structured model
with nonlinear growth, mortality and reproduction rates is developed. Existence-uniqueness
of the weak solution to the model is established and convergence of the finite difference
approximation is proved. Simulations indicate that the monotonicity assumption on the
growth rate is crucial for the global existence of weak solutions. Numerical results testing
the efficiency of this method in approximating the long-time behavior of the model are
presented.

In Chapter 2, a least-squares technique is developed for identifying unknown param-
eters in a coupled system of nonlinear size-structured populations. Convergence results
for the parameter estimation technique are established. Ample numerical simulations
and statistical evidence are provided to demonstrate the feasibility of this approach.

In Chapter 3, we consider a nonlinear size-structured phytoplankton-zooplankton ag-
gregation Model. We develop a comparison principle and construct monotone sequences

to show the existence of the solution. The uniqueness of the solution is also established.



BIOGRAPHICAL SKETCH

Shuhua Hu was born on November 12, 1976, in Weihai, Shandong Province, China.
She attended Qingdao University in September 1994 and received a Bachelor of Science
in Mathematics Education in July 1998. She was accepted for her graduate studies in
September 1998 at Nanjing University of Aeronautics and Astronautics. After receiving
her master’s degree in Computational Mathematics in March 2001, she moved to the
United States of America in August 2001 to work on her Ph.D. in Applied Mathematics
at the University of Louisiana at Lafayette. She completed the degree requirements in

December 2004.



